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Underwater three-dimensional imaging can be performed using several 

sonar sensors and interferometric methods. The problem with employng 

multiple sensors is the increased cost of hardware and synchronization 

issues. However, uncertainty reduces by using this method. An 

alternative way to reduce hardware is to utilize multipath circuits in the 

underwater environment. In this environment, multipath circuits are 

created by the impact of sound waves on the seafloor and sea surface. 

Seafloor reflections create direct-direct, direct-indirect, indirect-direct, 

and indirect-indirect circuits. In this paper, both methods of using and 

not using multipath circuits for three-dimensional imaging are presented 

in detail. Moreover, both approaches of using or not using virtual sources 

and cube target imaging will be carried out using the MATLAB software 

package. The type of sonar presented in this paper is an inverse synthetic 

aperture sonar. The results are comparable with those of the commercial 

systems. However, not all practical conditions are considered in this 

study in contrast with the commercial systems. Our contribution is the 

study of a novel method in three-dimensional imaging using virtual 

sources. This method has not been applied for this purpose before. 
© 2020 Iranian Society of Acoustics and Vibration, All rights reserved. 
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1. Introduction 

Sonar used for underwater navigation and ranging by acoustic waves is available in various 

types, including inverse synthetic aperture sonar (ISAS). Inverse synthetic aperture sonar  
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is very similar to inverse synthetic aperture radar
†
. Therefore, we can come up with new ideas for 

solving ISAS problems by studying how ISAR works. For this reason, preliminary issues 

concerning inverse synthetic aperture radar will be presented and then sonar issues will be 

investigated.  

1.1. Preliminary Topics of Inverse Synthetic Aperture Radar 

Radar imaging requires high resolution and this high resolution in range is achieved with wide 

bandwidth and in cross range with wide antenna aperture. Wide antenna aperture can be 

artificially created by SAR or ISAR techniques [1]. Three-dimensional target images contain 

more information. Thus, having such images is of great interest and interferometry is a common 

way to obtain three-dimensional images of targets.  

A multistatic radar (sonar) can be used for interferometry. The geometry of a three-dimensional 

imaging system is shown in Figure 1. It is seen that it uses one transmit antenna and two receive 

antennas. Coherent multistatic radar imaging is based on extending current ISAS/ISAR 

algorithms to a multistatic environment. 

 
Fig. 1: Geometry of a three-dimensional imaging system.  

One of the important issues that have been considered in the processing of received radar signals 

is that the incident wave to the ground has ground and other surface echoes called multipath. 

However, most radar papers on this issue have concentrated on eliminating multipath effects. In 

2003, Palmer discussed the use of reflection effects of sea clutter[2]. In this paper and others that 

pursued it, radars that use this arrangement are called emulated bistatic radars, or EBRs for short. 

1.2. Preliminary Topics of Inverse Synthetic Aperture Sonar 

Increasing interest in defense applications, the offshore oil industry, and other commercial 

operations in the underwater environment draws more interest to underwater research. Therefore, 

the number of research studies and applications that are conducted to explore the underwater 

environments is increasing as interest in underwater research increases [3]. 

The use of electromagnetic waves for underwater imaging is difficult due to the absorption and 

scattering properties of seawater. Although recent advances in hardware, software, and 

algorithmic methods have led to significant improvements in the operating range of the system 
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[4], problems persist. For example, the attenuation coefficient associated with water absorption 

increases rapidly with increasing frequency [5]. 

Today, the importance of underwater surveying has increased, especially in offshore 

applications; This is due to the fact that underwater resources have been mined to a small extent. 

Audio imaging systems are used extensively underwater because they can be used for large-scale 

and small-scale exploration [6]. Imaging using sound waves is called sonar, and sonar is the 

acronym for sound navigation and ranging. 

Acoustic imaging uses a variety of technologies such as multi-beam technology, synthetic 

aperture, inverse synthetic aperture, acoustic lens, and audio holography[7]. 

Synthetic aperture sonar (SAS) has the ability to capture images with centimetreresolution up to 

hundreds of meters in range [8]. 

In this paper, three-dimensional imaging analysis with Inverse Synthetic Aperture Sonar systems 

(ISAS) is discussed. Some differences between SAR (or ISAR) with SAS (or ISAS) include 

signal propagation speed in the environment (which is approximately 1500 m/s in SAS and it 

equals to the speed of light in SAR), the frequency range (which is from 5 to 650 kHz in SAS, 

and it is from 0.45 to 10 GHz in SAR), target speeds (which cover less than 37 km/h in SAS and 

space targets at SARs), and target-to-sonar distance (which ranges from 10 m to 10 km in SAS 

and covers about satellite distances in SARs) [9]. 

There has been less work done on ISAS than ISAR, and most of the work done has not been 

published. In the first work of 1991 [10], a two-dimensional inverse synthetic aperture imaging 

technique was used in which acoustic signals were reflected from simple structures in water and 

imaging was performed. 

The three-dimensional inverse synthetic aperture sonar imaging has been done in [11]. However, 

they used real sources to perform three-dimensional imaging. In [9], the use of virtual sources 

such as seabed and sea surface, as the transmitters for inverse synthetic aperture sonar imaging, 

is investigated, but it does not perform three-dimensional imaging. In [12], the three-dimensional 

image is obtained with more details by using three-receiver sensors in the radar mode, which can 

be extended to the sonar mode. In a near topic, [13] uses a three-dimensional rotation of an 

underwater vehicle to improve two-dimensional ISAS images.  

We can compare the results with existing commercial systems. For instance, by comparing our 

system with a commercial synthetic aperture sonar system developed by KONGSBERG, 

Norway, acceptable results get obtained. The name of this system is HISAS 1030. HISAS is the 

acronym for High Resolution Interferometric Synthetic Aperture Sonar. 

This commercial system is mounted on an AUV. AUV is the HUGIN 1000 model made by the 

same company[14]. 

The operating conditions and resolutions resulting from the use of this system are described here. 

This system works in the frequency range of 60-120 kHz, has an up to 50 kHz system bandwidth 

and maximum range (each side of the vehicle) of 200 m at 2 m/s and 260 m at 1.5 m/s AUV 

speed. This system achieves bathymetry resolution (cell size) of 5×5 cm to 50×50 cm [14]. 

It is observed that the operating frequency in the simulation conditions of this article is within the 

frequency range of the HISAS system and its bathymetry resolution is comparable to our 
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simulation results; however, this commercial system is unresponsive at high ranges; also, the 

HISAS system is a synthetic aperture sonar, not an inverse synthetic aperture sonar, as in our 

article (It is necessary to mention that the synthetic aperture sonar systems are not as complex as 

inverse synthetic aperture sonar systems. Most of the complexity of inverse SAS systems is due 

to the non-cooperativity of the target motion.)   

As we will see in the fourth section of this paper, our ISAS system reaches the third dimension 

resolution of 7 centimetres using real sources comparable to the bathymetry resolution of HISAS 

1030, which is between 5×5 cm to 50×50 cm as mentioned.  

We have assumed that the target is moving and it has a simple movement with no maneuvering. 

The use of targets with complicated movements involves time-frequency analysis, which is out 

of the scope of this paper.  

The seabed material was assumed to be known implying that the coefficient 𝑃0 (which will be 

described later in this paper) is known.  

The third assumption is that we want to form the image using the monostatic configuration. So, 

only one transmitter/receiver is available. This structure reduces the cost of using additional 

transmitters. 

The fourth assumption is that the target is formed from several point scatterers. The target was 

assumed to be simple, i.e. it is not composed of many (more than 10) scatterers. If there are many 

scatterers, the assignment of artifacts to the corresponding scatterers would be too time-

consuming. We should compute a large number of permutations to compute the minimum 

variance of the scatterer-artifact distances sets. The concept of artifact will be discussed later in 

the paper.  

Because of the military usage of ISAS, we did not have sufficient database and experimental 

data. Simulation conditions are not ideal and we have practical fading due to the presence of 

obstacles and noise. The other limitation is related to underwater limitations, such as the low 

speed of underwater sound wave propagation and lower available underwater bandwidth.   

The paper follows with a description of underwater ray tracing in the next section. This is done 

both theoretically and by using simulation. The third section of the paper describes problem 

conditions. It includes target motion and water channel conditions. Water channel conditions are 

propagation loss, absorption loss, underwater sound speed, sea surface conditions, and seabed 

conditions. In the fourth section, the use of real sources for three-dimensional imaging is 

presented. In this section, the basic issues of interferometry are presented first and then the dual 

interferometry mode is described. Three-dimensional simulation of a cube was performed using 

dual interferometry in sonar mode using the MATLAB software. The fifth section describes the 

use of virtual sources for three-dimensional visualization. In this section, the three-dimensional 

simulation of the cubic target in the presence of multipath circuits is also performed. Finally, 

conclusions are drawn.  

The objective of this paper is to do the three-dimensional imaging for inverse synthetic aperture 

sonar with both real and virtual sources; Our contribution is that we have used a new method for 

three-dimensional imaging with virtual sources.  
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2. Underwater ray tracing 

In this section, underwater ray tracing is described theoretically and practically by using the 

COMSOL software package.  

2.1. Underwater ray tracing theory 

The wave equation describing sound propagation is derived from the equations of 

hydrodynamics and its coefficients and boundary conditions are descriptive of the ocean 

environment. The wave equation for the pressure p in cylindrical coordinates with range 

coordinates denoted by r = (x, y) and  depth coordinate denoted by z (taken positive downward) 

for a source-free region is [15]. 

 
∇2𝑝(𝒓. 𝑧. 𝑡) −

1

𝑐2(𝒓. 𝑧)

𝜕2𝑝(𝒓. 𝑧. 𝑡)

𝜕𝑡2
= 0 (1) 

 

where c(r,z) is the sound speed in the wave propagation medium. It is convenient to solve the 

above equation in the frequency domain by assuming a solution with a frequency dependence in 

the form of exp(-i𝜔t) to obtain the Helmholtz equation, 

 

 ∇2𝑝(𝒓. 𝑧) + 𝐾2𝑝(𝒓. 𝑧) = 0 
(2) 

 

with  

 
𝐾2(𝒓. 𝑧) =  

𝜔2

𝑐2(𝒓. 𝑧)
 (3) 

 

The Helmholtz equation for an acoustic field from a point source is [15] 

 ∇2𝐺(𝒓. 𝑧) + 𝐾2(𝒓. 𝑧)𝐺(𝒓. 𝑧) =  −𝛿2(𝒓 − 𝒓𝑠)𝛿(𝑧 − 𝑧𝑠) 
(4) 

 

where the subscript 's' denotes source coordinates. The acoustic field from a point source, G(r), 

is either obtained by solving the boundary-value problem of (4) (spectral method or normal 

modes) or by approximating (4) using an initial-value problem (ray theory, parabolic equation) 

[15].  

Ray theory is a geometrical, high-frequency approximate solution to (4) of the following form:  

 𝐺(𝑹) = 𝐴(𝑹)exp (𝑖𝑆(𝑹)) 
(5) 

 

where the exponential term 𝑆(𝑹) allows for rapid variations as a function of range (R) and A(R) 

is a more slowly varying envelope that incorporates both geometrical spreading and loss 

mechanisms [15]. 

The ray theory method is computationally rapid and extends to range-dependent problems. 

Furthermore, the ray traces give a physical picture of acoustic paths. It is helpful in describing 

how sound redistributes itself when propagating long distances over paths that include shallow 
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and deep environments and/or mid latitudes to polar regions. The disadvantage of conventional 

ray theory is that it does not include diffraction [15]. 

There are essentially four types of models (computer solutions to the wave equation) to describe 

sound propagation in the sea: ray theory, the spectral method or fast field program (FFP), normal 

mode (NM), and parabolic equation (PE) [15]. All of these models allow for the fact that the 

ocean environment varies with depth. A model that also takes horizontal variations in the 

environment (i.e., sloping bottom or spatially variable oceanography) into account is called 

range-dependent [15]. For high frequencies (a few kilohertz or above), ray theory is the most 

practical model. The other three model types are more applicable at lower frequencies (below 1 

kHz). The wave solution is the most accurate and should probably be used in all cases where the 

calculation is still feasible and/or practical [15]. 

One of the fundamental rules that govern paths of underwater rays is Snell's law [15 

 cos (𝜃(𝑧))

𝑐(𝑧)
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (6) 

 

This equation relates ray angle 𝜃(𝑧) with respect to the horizontal surface to the local sound 

speed c(z) at depth z. This equation requires a smaller angle with the horizontal surface for 

higher sound speeds. This implies that sound bends away from regions of high sound speed. In 

other words, sound bends toward regions of low sound speed [15].  

In general, the ocean can be thought of as an acoustic waveguide. This waveguide physics is 

particularly evident in shallow water (inshore out to the continental slope, typically to depths of a 

few hundred meters) [15].   

In the next sub-section, underwater ray tracing is performed using the COMSOL 5.4 software 

package.  

 

2.2. Underwater ray tracing using simulation 

Underwater ray tracing was performed before in the BELLHOP program [16]. BELLHOP is a 

beam tracing model for predicting acoustic pressure fields in ocean environments. The beam 

tracing structure leads to a particularly simple algorithm. Several types of beams are 

implemented, including Gaussian and hat-shaped beams, with both geometric and physics-based 

spreading laws. BELLHOP can produce a variety of useful outputs, including transmission loss, 

Eigen rays, arrivals, and received time series. It allows for range-dependence in the top and 

bottom boundaries (altimetry and bathymetry), as well as in the sound speed profile. Additional 

input files allow the specification of directional sources as well as geo-acoustic properties for the 

bounding media. Top and bottom reflection coefficients may also be provided. BELLHOP is 

implemented in Fortran, Matlab, and Python and is used on multiple platforms (Mac, Windows, 

and Linux)[16].          

In this section, we investigate the detection of underwater acoustic radiation using COMSOL 5.4 

software package. The simulation parameters with COMSOL software are given in Table 1. 
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Table 1. Simulation parameters with COMSOL software 

Parameter Parameter Value 

Source Frequency 100 (kHz) 

Source Depth 50 (m) 

Water Depth 100 (m) 

Water Salinity 35 (gr/Lit) 

Water Density 1000 (kg/m3) 

Water Temperature 8 (degC) 

PH of Water 8 

Water Domain Width 2000 (m) 

RMS Wave Height 1 (m) 

Bottom Material Speed of Sound 1575 (m/s) 

Bottom Material Density 1700 (kg/m3) 

Bottom Material Attenuation (1/m) 0.0066 (1/m) 

End Time for Simulation 5 (s) 

      

In this scenario, we have a monostatic sensor at 50 meters depth. The monostatic sensor acts both 

as a transmitter and receiver. The paths of acoustic rays are plotted versus sound speed at 

different depths of water. The rate of change of sound speed versus water depth is plotted in 

Figure 2 (a). This graph is plotted using speed at several sample depths and interpolation is used. 

In Figure 2 (b), the sound pressure level along the rays is plotted. Snell's law can be investigated 

along these paths. It can be seen that when sound speed increases by decreasing thedepth, sound 

rays reflected from the seabed bend away from low depth regions and bend toward deep water 

(The critical points of these rays are at about 1200 meters away from the sensor). However, the 

Ray Acoustics modelling used cannot explain all the acoustic phenomena.  

It can be seen from Figure 2 (b) that at a frequency of 100 kHz (and it can be shown that 

generally within the range of the working frequencies of the synthetic aperture sonar), there is no 

reflected power at sea level.  

However, at low frequencies (for example, 100 Hz), the sea surface reflects the sound beam (In 

addition, investigating the Rayleigh parameter [17], which will be described in the next section, 

confirms this result). 



S.A. Erfani et al. / Journal of Theoretical and Applied Vibration and Acoustics 6(2) 249-270 (2020) 

256 

 

 
Fig. 2: Sound speed changes considered in terms of water depth (a) and Sound Pressure Level along rays (b) This 

Figure is obtained using parameters of Table 1.  

If (as you can observe in Figure 3, which is the zoomed preview of Figure 2.b) we place a square 

object (or a cube object in the three-dimensional mode) with a side length of 5 meters in the 

distance of 200 meters from the source (we consider the object material to be stainless steel), 

sound radiation emitted from the source and reflected from the seabed are reflected towards the 

sensor after hitting the object (However, the ray acoustic model does not describe this 

phenomenon precisely); so, the sound wave can be sensed by the sensor and the distance to the 

object can be calculated.  

 

Fig. 3: The path of the acoustic ray if it hits the target. This Figure is obtained using the parameters of Table 1. 

3. Problem conditions 

The produced image from the underwater moving target is proportional to the target 

characteristics, such as how the target moves, which is described in the first subsection of this 

section. Water channel conditions such as spreading loss, absorption loss, underwater sound 

velocity, and sea surface and seabed conditions are described in the second subsection.  

3.1. Target motion 

A moving target motion may have six degrees of freedom, including three linear motions along 

three axes and three angular motions around three axes. In the inverse synthetic aperture 
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structure, only rotational motions produce the image. In the case that the target has translational 

motion, the velocity and acceleration of motion can be decomposed into two components, one 

aligned with the line of sight (LOS) of the target and the other perpendicular to it. The 

component aligned with the line of sight produces the change in the Doppler frequency; but the 

component perpendicular to the line of sight produces the change in the viewing angle, which 

has the same effect as the rotational motion of the target.  

When the target has roll, pitch, and yaw motions, the combined rotational vector Ω. determines 

the Doppler frequency of a definite scatterer in the target. According to Figure 4, the effective 

rotational vector Ω𝑒𝑓𝑓, is a vector perpendicular to i, the line of sight unit vector, and it is located 

on a surface on which the vectors Ω and i are located. Therefore, the reflection surface of the 

target (Image Projection Plane) is defined as a surface to which Ω𝑒𝑓𝑓 is perpendicular and vector 

i is located.  

 
Fig. 4: Image Projection Plane (IPP) in the ISAS  

In the standard motion compensation process, by doing the range correction, the scatterers will 

be located in the same range cells and the Doppler frequency shift remains constant by 

performing phase correction. Thus, after doing motion compensation, all of the target scatterers 

will move with the same velocity according to a constant Doppler frequency shift. Moreover, 

according to the constant range, they will move in a circular path. If the target has a smooth 

motion, the standard motion compensation method using Fourier transform is enough for 

producing a concentrated image of the target. 

However, if the target has complex motions involving scatterers’ shift from the range and time-

varying Doppler frequency shift, the standard method based on Fourier Transform is not enough 

for producing an appropriate image. In this case, we should use more complex methods and 

time-frequency transforms. However, the sea targets considered usually do not have complex 

motions.   
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3.2. Water channel conditions 

Underwater moving target imaging by inverse synthetic aperture sonar is related to water 

channel conditions. The most important effective water channel parameters that affect image 

formation are described in the following sub-sections.  

3.2.1 Spreading loss 

In the acoustic wave propagation field, one of the most effective phenomena is the loss caused 

by the geometric propagation of underwater waves. This loss is spherical in deep water and 

cylindrical in shallow water. Actually, the loss is categorized into spherical and cylindrical 

according to the distance from the source point [3].  

If vertical propagation reaches its limits imposed by the seafloor and sea surface, then from that 

point on, cylindrical propagation starts for horizontal propagation. For cylindrical loss, signal 

attenuation is proportional to the reciprocal of squared distance and for cylindrical loss, signal 

attenuation is proportional to reciprocal of distance [3].  

 

 3.2.2. Absorption loss 

During underwater wave propagation, some sound energy is absorbed by water. The absorption 

rate is proportional to wave frequency and propagation environment characteristics like pure 

water adhesion, amount of magnesium sulfate and boric acid in water [5]. 

Overall, the absorption loss effect is negligible at source frequencies lower than 1 kHz; This 

effect is negligible to tens of kilometers at about 10 kHz; It is negligible to about one kilometer 

at about 100 kHz and is negligible to less than 100 meters at megahertz where it has a low effect 

[5].  

 

 3.2.3. Underwater sound velocity 

Underwater acoustic properties, such as paths along which sound from localized source trips, are 

mainly dependent on underwater sound speed structure. 

Underwater sound speed can be found by using various formulas. In[18], long-range acoustic 

transmissions made in conjunction with extensive position determinations have been used to test 

the accuracy of equations used to calculate sound speed from pressure which is a function of 

depth z in water, temperature (T), and salinity (S).  

A simple formula for the speed of sound is given in Equation (7) [17].  

 𝑐 = 1449.2 + 4.6𝑇 − 0.055𝑇2 + 0.00029𝑇3 + (1.34 − 0.01𝑇)(𝑆 − 35) + 0.016𝑧 
(7) 

 

where in (7), z, T, and S are equal to depth, temperature, and salinity, respectively.  

However, the sound speed change is ignored in our study.  
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3.2.4 Sea surface and seabed conditions 

Sea surface and seabed can act both as a reflector and scatterer of sound waves. The amount of 

reflection or scattering of sea surface depends on wave altitude, sound frequency, and incidence 

angle of the wave with the surface. However, the amount of scattering becomes less and the 

amount of reflection becomes more as the sea surface becomes flatter [17].  

A criterion for roughness or smoothness of a surface is given by Rayleigh parameter, defined as 

[17], 

 𝑅 = 𝑘𝐻𝑠𝑖𝑛(𝜃) 
(8) 

 

where k is the wave number 
2𝜋

𝜆
 , H is the rms wave height (crest to trough), and θ is the grazing 

angle. When R<<1, the surface is preliminary a rejector and produces a coherent reflection at the 

specular angle equal to the angle of incidence. When R>>1, the surface acts as a scatterer, 

sending incoherent energy in all directions.  

The seabed has the same effect as sea surface. However, there is more complexity in the case of 

the seabed as a result of diversity and multiplicity in layers. As the seabed becomes flatter and 

harder, the reflection becomes more under similar conditions.  

4. Using real sources for three-dimensional imaging 

This section presents the use of more sensors for three-dimensional imaging since the basic 

method for three-dimensional interferometric imaging is interferometry. Basics of interferometry 

are presented first and then the number of sensors is increased and this simulation is performed 

in the sonar mode.  

4.1. Basics of interferometry 

The geometry of a three-dimensional imaging system is illustrated in Figure 1. The phase 

difference of the received signals of receivers 1 and 2 is related to the difference in the distances 

of Rr1 and Rr2.  The third dimension of each point of the target is related to the phase difference 

of the signals by a second-degree equation (9) using Taylor series expansion and the method 

described in detail in [19] as follows: 

 (1 + 𝑥)
1
2 = 1 + (

1

2
) 𝑥 − (

1

8
) 𝑥2 + ⋯ (9) 

4.2. Using multiple receiver sensors  

More details of the target, such as the target's effective rotation vector and target's rotation value, 

can be obtained by using the method described in detail in [12]. If three receivers and one 

transmitter are used (where one sensor or the central sensor plays both roles), it is called dual 

interferometry. This is due to the fact that interferometry can be done with the central sensor and 

each of the other two receivers. 
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4.2.1. The geometry of Dual Interferometric System 

The geometry of the dual interferometry system is shown in Figure 5, in which the AC antenna, 

or central antenna, is both transmitter and receiver, and the rest of the antennas, i.e., AH and AV 

antennas, are the only receivers. In the case of the object, two constant and variable coordinates y 

and x are defined. ϕ, is the rotation degree of the reference system x relative to the fixed 

reference system on the sensor, ξ. 

 

``  

Fig. 5: Geometry of ISAR system with three receivers (Dual Interferometric Mode)  

 

 4.2.2. Cube target simulation using dual interferometry mode           

In this section, an idea simulated in [12] for the radar mode is simulated for the sonar mode, 

considering a half-meter cube target, using MATLAB software. Simulation is done with 

simulation parameters shown in Table 2. The results of simulations using step frequency signal 

and the range Doppler image formation algorithm are presented in Figure 6, where the result of 

ISAS imaging which is a two-dimensional image in the range and cross-range dimensions (as the 

ISAR image), is presented in addition to the target model. As there are three receiving antennas 

(One of the antennas has both roles of transmitting and receiving), we could have two bistatic 

images, one for the AV and one for the AH antenna (in addition to a monostatic image 

corresponding to the AC antenna). In Figure 6, the bistatic image corresponding to AV antenna 

has been shown. As it is observed in Figure 6.b, the 8 points related to the vertices of the cube, in 

pairs, overlap; Therefore, only four bright spots can be seen in the figure. Then, considering the 

values of the third dimension derived from the implementation of the method described in [12] 

as mentioned in general in 4.1, the approximate three-dimensional image is plotted (Figure 7). 
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Table 2. Cube Target Simulation Parameters Using Dual Interferometry Mode 

Parameter Parameter 

Value 

Parameter Parameter 

Value 

Parameter Parameter Value 

Sound Speed 1500 (m/s) Carrier 

Frequency 

100 (kHz) Target Velocity 10 (km/h) 

Number of 

Signal's 

Frequency Steps 

128 Cube Side 

Length 

0.5 (m) Transmitted 

Signal's Velocity 

10 (kHz) 

Number of 

Signal's Time 

Sweeps 

128 R0 100 (m) Amplitude and 

period of target 

oscillation 

parameters 

(pitch, roll, yaw) 

(15,7,3) degrees 

and (10,12,12) 

seconds 

Observation 

Time 

1 (s) dH and dV 15 (mm) The amount of 

target rotational 

parameters 

(PHI,NI,MU) 

(0,15,90) 

degrees 

 

 
Fig. 6: a) The target model simulated using MATLAB software. b) Two-dimensional bistatic image obtained from 

simulation. The bistatic image is related to the AV receiver antenna. 

 

It is found that the mean absolute value of the obtained altitude error is 6.78 cm (about 7 cm), 

when we consider the accurate amounts of the altitudes (This amount is obtained by averaging 

the scatterer height errors. We have obtained the scatterer heights by simulating the dual 

interferometric method with the MATLAB software). The reconstructed three-dimensional 

image is shown in Figure 7. In this figure, the approximate amounts of the altitudes are used.  

According to defining a threshold to obtain the position of the scatterers, for each point target, a 

clean point (without side lobe) is obtained. As it can be observed from Figure 7, by looking at all 

of the points at a glance, the shape of a cube can be estimated.  
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Fig. 7: Reconstructed three-dimensional ISAS image 

 

5. Using virtual sources for three-dimensional image formation 

This section presents the effective use of multipath circuits for three-dimensional image 

formation. Multipath circuits can be used to improve two-dimensional image quality (as in [9, 

20]) or three-dimensional image formation (as in [21]). Both of these are listed in the first and 

second sections, respectively.  

5.1. Use multipath to improve two-dimensional image quality 

Formation of a bistatic image using sea clutter where sea clutter acts as a virtual transmitter is 

discussed in [20]. Therefore, we will have three images instead of one ISAR image. The reason 

we have three images is that sea clutter generates two virtual (quasi-transmitter) antennas (The 

transmitted signal can hit the target directly and returns directly toward the sensor, or hit the 

target directly and then hit the sea and return, i.e., indirectly. This implies that the entire route is 

direct-indirect, or vice versa, the indirect-direct path, or both signal paths are indirect (i.e., the 

whole path is indirect-indirect.). Two weaker images (artifacts) are created due to the indirect 

path next to the original image, the weakest being the indirect-indirect path. 

In [20], the original image is separated from two related artifacts by cropping. Then, by taking a 

2D inverse Fourier transform of each of the three cropped images and adding a translational 

motion phrase (previously deleted in motion compensation), three ISAR signals will be 

generated. This variety of signals results in improved image quality [20]. Multipath circuits were 

used in [9] in a different way to improve the 2D image quality of inverse synthetic aperture 

sonar. 
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5.2.   Use multipath circuits to form a three-dimensional image  

Figure 8 shows the emulated multistatic arrangement and equivalent virtual antennas. The virtual 

antennas are EMR (Emulated Monostatic Radar) and EBR (Emulated Bistatic Radar), with the 

EMR on the E point and EBR approximately on the B-point. The real antenna is MR (Monostatic 

Radar). Each of the three pairs of MR-EBR, EBR-EMR or MR-EMR images could be used for 

interferometry [21]. 

For example, MR and EMR antennas are selected. The received signal corresponding to these 

antennas has a phase difference which has a linear relation to the height of the scatterers. This 

linear relation is obtained after simplifying the theoretical expressions for the phase difference of 

these two signals by the method described in [21].  

In this subsection, the formulas for three-dimensional images are first described in part 1. In part 

2, we investigate the simulation of a cubic target. For a detailed investigation, obtaining the third 

dimension of the point scatterers is described in part 3.  

 

5.2.1 Formulas for obtaining the third dimension of each scatterer from the distance of each 

scattering point to the corresponding artifact 

 

When the target moves at a low elevation angle over a reflecting surface, effects like reflection, 

refraction, and diffraction can be taken into account by considering a complex quantity F called 

“pattern propagation factor” defined as the ratio between the electromagnetic (EM) field incident 

on the target in multipath condition and in free-space propagation. By referring to the simple 

geometry of Figure 8 and assuming that the diffuse scattering component is negligible, the 

quantity F is usually expressed by [22]: 

 𝐹(𝑓. 𝐑) = [1 + 𝑔(𝜃2)Γ𝐷𝑆𝑒𝑥𝑝(𝑗𝛾)] 
(10) 

 

where g(θ) is the antenna pattern function, R is the vector that locates the target position and 

𝛾 =
−2𝜋𝑓

𝑐
Δ𝑅[𝐑] is the phase delay due to the length difference Δ𝑅[𝑹] between the direct and  

reflected  ray paths. The other coefficients are as follows [22]: 

1. The Fresnel coefficient Γ quantifies the reflection from a smooth plane surface. It 

depends on the grazing angle 𝜓.  

2. 2) The divergence factor D includes the divergence phenomenon due to earth              

curvature. (which is negligible in the sonar case because of the short distances).        

3. 3) The coefficient S is the rms value of the specular scattering coefficient 𝜌𝑠 that         

takes the roughness of the reflecting surface into account.  

By considering the two-way transmission of radar, the spectrum of the received signal in the 

presence of multipath circuits is obtained by multiplying the multipath-free received signal by 

the factor 𝐹2(𝑓. 𝑹) [22].  

The product 𝑔(𝜃)Γ𝐷𝑆 is shown by 𝑃0 in this paper and it is assumed to be constant. In the 

simulations, this constant is assumed to be equal to 0.3.  
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Fig. 8: Multipath geometry 

 

The goal is to obtain the value of the first (original) artifact (in both range and cross-range 

directions) relative to the main scatterer (Observe Figure 9), that is, to obtain the value of the 

difference of the length of the return (indirect) and direct paths (This difference is found 

according to the approximate Equation (11), using Equations (12) and (13), by obtaining 𝑧01 and 

𝑧02.). 

 ∆𝑅 =  𝛼0 + 𝛽0𝑡 
(11) 

 
𝑧01 =  

𝛽0𝑇𝑜𝑏𝑠𝑟𝑧1

𝜆0
 (12) 

 𝑧02 =  
𝛼0

2
 (13) 

In Equation (11), 𝛼0 and 𝛽0 are the first and second parameters of the Taylor expansion of ∆𝑅. In 

Equation (12), 𝜆0, is is the wavelength corresponding to the central frequency; 𝑟𝑧1 is   resolution 

in the cross-range dimension and 𝑇𝑜𝑏𝑠 is observation time of the sensor. See [22] for proof of 

these equations. Then, trigonometric relationships are used to obtain the third dimension.  

 
Fig. 9: The image obtained by simulating the single-scatterer mode in the presence of multipath circuits. The first 

artifact is clearly visible next to the scatterer (The biggest circle at the left of the image). The first and second 

artifacts are shown by “First” and “Second” in the figure. 
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5.2.2 Simulation of a cubic target 

The ideas presented in [22] can be used to create a sonar image. The use of multipath circuits in 

sonar poses some challenges. For example, radar frequencies cannot be used in this case; 

Therefore, image resolution decreases with decreasing bandwidth. Moreover, the processing is 

not in real time due to the low speed of sound waves in water. Using COMSOL software, we 

demonstrated that sea-level acoustic-ray radiation echoes at the sonar frequency range are not 

strong enough to be used. However, reflections from the seabed can be used. Simulation 

conditions for simulating the cubic target are given in Table 3. For the simulation, a step 

frequency signal and the range Doppler image formation algorithms are used. In order to obtain 

the third dimension, the relationships given in [22] are used here. However, in [22], only the 

effects of multipath circuits were discussed rather than its use. A brief description of these 

formulas was given in the previous section. The two-dimensional ISAS image, using the 

parameters given in Table 3, is shown in Figure 10.  

Table 3. Cubic target simulation parameters by ISAS in the presence of multipath circuits. 

Parameter Parameter Value Parameter Parameter Value 

Sound speed 1500 (m/s) Carrier Frequency 25 (kHz) 

Cube Side Length 5 (m) Target Altitude from the 

Seabed 

25 (m) 

Distance Between the 

Sensor and the Target 

(in the x dimension) 

 

0 

Transmitted Signal 

Bandwidth 

2.5 (kHz) 

Distance Between the 

Sensor and the Target 

(in the y dimension) 

 

100 (m) 

Number of Frequency 

Steps of the Signal 

1001 

Observation Time 0.5 (s) Number of Time Sweeps 

of the Signal 

1001 

(PHI,NI,MU) (0,0,90) degree Sonar Sensor Altitude 

from the Seabed 

50 (m) 

Oscillation Parameters 0 Target Velocity 30 (km/h) 

𝑃0 0.3 

 

 
Fig. 10: Two-dimensional ISAS image consisting of a cube in the presence of multipath circuits. 
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There are 24 bright spots in Figure 10. The eight brighter spots (on the left of the image) belong 

to eight vertices. The other sixteen points belong to the first and second artifacts. The third 

dimension of each scatterer is obtained by using the distance of each bright point to the first 

artifact corresponding to it and by applying formulas given in [22].  

The obtained values are 26.4, 28.02, 26.36, 28.22, 25.36, 26.25, 29.19 and 28.25. Compared with 

the theoretical values of the third dimension, which are 25 and 30 meters (given the 25-meter 

target height and the 5-meter cube length), the height error is approximately one to two meters. 

For the accurate estimate of this error, we have attributed each luminous point to the 

corresponding vertex in the cube. The reconstructed three-dimensional image is shown in Figure 

11.  

 

 

Fig. 11: The reconstructed three-dimensional image of the cube in the presence of multipath circuits 

 

5.2.3. Precise observation of single scatterer targets 

The elevation error percent when the distance between the platform and the scatterer is 500 

meters is shown in Table 4 (The other simulation parameters are like Table 3).  

The error percent is obtained by Equation (14). 

 

 𝑒𝑟𝑟𝑜𝑟 − 𝑝𝑒𝑟𝑐𝑒𝑛𝑡 =  
|ℎ𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑−ℎ𝑟𝑒𝑎𝑙|×100

ℎ𝑟𝑒𝑎𝑙
( (14) 
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In Equation (14), error-percent is the percentage of altitude error; ℎ𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑, indicates the 

altitude of the scatterer, obtained by the simulation and ℎ𝑟𝑒𝑎𝑙, is the actual altitude of the 

scatterer. Also, ℎ𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑, is obtained by solving Equation (15).  

 

 
𝑝𝑟𝑜𝑗 {√(1 + (

ℎ𝑠𝑜𝑛𝑎𝑟 + ℎ𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑

𝑝𝑟𝑜𝑗
)

2

) − √(1 + (
ℎ𝑠𝑜𝑛𝑎𝑟 − ℎ𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑

𝑝𝑟𝑜𝑗
)

2

)} = 𝛼0 (15) 

 
In Equation (15), proj is the vector obtained by projecting the scatterer on the two-dimensional 

xy plane (segment BC in Figure 8). ℎ𝑠𝑜𝑛𝑎𝑟, is the height of the sonar measured from the seabed 

and 𝛼0 is the first component of the Taylor expansion of the difference between direct and 

indirect paths. Note that Equation (15), is written for the middle of the observation time (i.e. the 

time zero).  

Table 4. Elevation error percentage when the distance between the platform and the scatterer is 500 meters. 

Real scatterer altitude 

relative to the seabed 

Altitude error percentage 

from simulation 

10 %0.11 

20 %0.05 

30 %0.05 

40 %0.29 

50 %0.02 

 

The altitude error values are found to be low and appropriate (the corresponding average 

simulation error of these five scattering heights is %0.104 relative to the seabed). Now, we 

reduce the distance of the sonar with the single scatterer target and set it to be 100 meters. We 

get the results again. In this case, the average error is %5.08. This amount is obtained by 

averaging the altitude errors when the altitudes are the amounts of Table 4. The graph-relating 

percentage of altitude errors at different distances and heights is shown in Figure 12. Different 

distances of the sonar sensor from the target scatterer (in the first and second dimensions of the 

image), in meters, are shown in circles in the first row of this Figure. Then, the average error 

percentage of each interval is given in rectangles in the second row. This average is obtained by 

averaging over 12 altitude errors at altitudes of 5 to 60 m (with 5 m steps). The variance of 

percentage error associated with each interval is shown in the third row. The percentage error of 

500 m distances at 10 to 50 m altitudes (where the height in the fourth row is shown in circles) is 

given in the fifth row inside the rectangles. 
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Fig. 12: Graph showing the error rate at different altitudes and distances  

           

6. Conclusion 

In this paper, three-dimensional underwater imaging by an inverse synthetic aperture sonar has 

been presented. Because of the similarity of the idea, papers from the inverse synthetic radar 

were consulted and used. The problem was investigated using real and virtual sources and in 

both cases and simulations were performed utilizing MATLAB software.  

A new method was employed to obtain the altitude of the target scatterers in the presence of 

virtual sources. This method has never been applied in the literature for this purpose.  

It was found that the resolution results that had been obtained using virtual sources, while the 

sonar distance from the target is far (about 500 m), were significantly satisfactory. However, the 

results were closely satisfactory if real sources were used. The results are comparable with the 

commercial products.  

The contribution of this study is the use of virtual sources to perform interferometry in the 

monostatic ISAS configuration.  The interferometry has been done after obtaining the distance 

between each scatterer and its corresponding artifact in the two-dimensional ISAS image. This 

method has not been used before for this purpose. However, it has been practiced for multipath 

cancellation.  

Simulation under specific underwater conditions of the Persian Gulf is considered for future 

work. In addition, simulation using other image formation algorithms like back-projection 

method is considered. We will try to reduce the error of obtaining the third dimension of the near 
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field targets using the back-projection method in our future research work. Future work will also 

consider practical conditions like obstacles on the path and limit simulation conditions to those 

of the Persian Gulf. Considering more practical conditions is aimed for a future paper.  
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