Journal of Theoretical and Applied Vibration and Acoustics 4(1) 99-124 (2018)

V2
.Y/mmmmmg 9LEUDWLRQ DQG $FRXVWL

ISAYV journal homepage: http://tava.isav.ir

-RXUQDO RI 7TKHRUHWL

Journalof Theoretical and Applied
Vibration and Acoustics

7UDQVYHUVH DQG ORQJLWXGLQDO G\QDPLF PI
SSHIRHOHFWULF DFWXDWRUYV ZLWK LQYHVWLJI
PRGHYV

ORKDPEQW DKL PRPHEDIDULWHREDPPHMBUHLOHMDG

POHFKDQLFDO (QJLQHHULQJ 'HS DIUWWMPRHIQAMH F&RLRIONDIE L @ H-QULDYRI UNU D Q
E1HZ 7THFKQRORJLHVWBHYPDWNKELHBRYRLYHIMKWD R AHFEQRORJ\

$57,&/1( ,1)2 $ %675%&7
$UWLFOH KLVWRU\ Bimorph piezoelectric cantilevered (BPC) actuators have recently
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5 June 2018 modeling of such actuators needs to be improved in order to enhance
Accepted 12 June 2018 the control_ performance. PreV|ou§ works hgve_ usually_ ta_ken
transverse vibration into account without considering longitudinal
Available online 15 June 2018 vibration. This paper presents a comprehensive modeling for a set of
"H\ZRUG V transverse and longitudinal vibration equations for piezoelectric
Bimorph piezoelectric actuator cantilevered actuators. In addition, dynamic behavior and exact non-

minimum phase region along BPC is derived by analyzing first three
vibrational modes. A simulation study is propounded to better
Non-minimum phase system analyze the system dynamic behavior. Finally, an experimental setup
Dynamic behavior analysis is developed to verify the proposed dynamic model. The modal
frequency response of the system for the first three modes, obtained
from the proposed model, is compared with those obtained from the
experiment and a good consistency between them confirms the

validity of the proposed dynamic model.
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Microcantilevers and cantilevers have emerged as efficacious tools for many nanomechanical
sensing and actuating applications due to their simple structures and good maneuverability for
transverse deflection. More specifically, piezoelectrically actuated micro-cantilevers such as
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unimorph and bimorph piezoelectric cantilevers (BPC) have recently received considerable
attention since they have unique features such as high natural frequency, fine working resolution
and proper time response [1, 2], while also possessing self-sensing ability.

Applications of BPC structures can expand to several nano/micromechanical instruments mainly
divided into two categories. With respect to their actuating effect, BPC actuators have been
utilized in micro-manipulation applications such as cell characterization [3] and micro-assembly
[4]. In addition, owing to their sensing effect, BPC structures have been used as various types of
sensors including position sensors [5], force sensors [6], scanning force microscopy [7] and also
energy harvester [8]. In dynamic mode of operation, a deep understanding of dynamic behavior
of BPC actuator is essential, especially when it comes to choose an appropriate controller for real
MEMS applications [9]. Several investigations have been conducted toward the subject with two
main approaches; lumped and continuous modelling methods.

Considering lumped dynamic modelling method, a mass, spring and damper are utilized to
model the cantilever dynamic behavior. Although this method has shown to be compatible for
modeling two degree-of-freedom piezoelectric actuators [10], it has many limitations and could
only be valid for specific target point on actuator [10]. While hysteresis effect can be modeled in
this method by a nonlinear function [11], this method still is inefficacious for two main reasons.
Firstly, the effect of higher vibrational modes on output response is ignored. Secondly, the effect
of altering target point on dynamic behavior is not considered.

On the other hand, continuous dynamic modelling addresses the two drawbacks of lumped

model. Bilgen H W dé&¥€loped a model for dynamic behavior of a unimorph piezoelectric beam

[12] which was improved to bimorph piezoelectric beam energy harvesters by Chen H W [13]O
Moreover, the dynamic model for BPC was considered based on Euler-Bernoulli and

Timoshenko beam theory which pursue two main assumptions [14]. First, the effect of higher

vibrational modes on the output dynamic behavior is neglected. Second, the dynamic model is

considered to be linear which is because piezoelectric input voltage is assumed to be in a low-

amplitude order then the nonlinear hysteresis effect on output dynamic response is considered to

be negligible.

In some other works, effect of buffer layer and electrodes on output dynamic has been

investigated [15] as well as effect of excitation frequency and actuator geometry [14]. In

addition, effect of fringing fields at free end of beam is shown not to be negligible [16] and it

was investigated for control applications [17]. Moreover, hysteresis effect was first added to

linear dynamic model as a disturbance by Yi H W [1B]@nd it was improved by Chao H W[IR]O
In these works, effect of higher vibrational modes and effect of target point position on BPC

dynamic behavior were not considered. Ghafarirad H W inbe§igated the effect of higher modes

up to second mode and also proposed a safe minimum phase region along the BPC based on

position of actuator target point [20]. Moreover, the shear vibration modes for piezo laminated

structures have been investigated by Tahmasebi H /{21].

In this paper, the actuator transverse and longitudinal dynamic models have been analytically
investigated. Furthermore, exact non-minimum phase region was extracted by analyzing the
dynamic behavior of the system. Although in previous works the sufficient condition for non-
minimum phase region was proposed [20], extracting exact non-minimum phase region is one
the novelties of this paper. To investigate the effect of higher vibrational modes on output
behavior, first three modes were considered for dynamic modelling of the BPC actuator as a case
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study. Finally, the efficiency and accuracy of the proposed model were evaluated based on
simulation and experimental results and an appropriate consistency between them was observed.

7UDQVDE@QH LW XEQMMERGHOLQJ

The case study in the current work will be conducted on a bimorph piezoelectric cantilevered
(BPC) actuators with a rectangular cross section. Consider a piezo-layered cantilever with two
piezoelectric patches on its top and beneath surfaces and a metallic bulk at the middle, as
depicted in Figure 1.

Piezo Layers

Bulk

V3(t)

) L J : Configuration of a BPC actuator

In order to model the dynamic behavior of the BPC actuator, it is assumed that the motion of
BPC is governed by the EulerrBernoulli theory, therefore shear deformation and rotary inertia
terms are negligible. Based on this theory the dynamic behavior of a beam can be modeled as the
following equations [22]:

Longitudinal vibration

¢EC 10
, 30 1
e E T @
Transverse vibration
. cts Yy 3 S
¢y Lae Faq 03P @

where é #zdenotes equivalent mass per unit length, N, and M represent internal longitudinal
force and moment, while Qand Srepresent displacement in x and z-direction, respectively. &is
stress in [-direction, along the beamds length, and z denotes distance from neutral axis in vertical
direction. Terms N and M can be obtained by integrating stress component over the beamds cross
section as below formulations:

OL* F@ (3)

| L+ (F@ (4)

In addition, regarding the EuleriBernoulli beam theory, strain could be considered as a function
of both transverse deflection and longitudinal displacement as:
¢ ¢ts

St R T ©
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in which 5;denotes strain in the TFdirection. In this regard, neutral axis lies on the mid-plane of
the beam due to geometrical symmetry.

For a piezoelectric material the stress formulation can be considered as [22]:
éEéLqéEEF/7‘|7 (6)

% and A sare elasticity modulus and piezoelectric constant, respectively. ' ; represents electric

field in z-direction. A linear distribution for the electric field along the piezoelectric layer

thickness ( R ; has been considered as [22]:

e Q

where 8;denotes exterior voltage. Itds worth noticing that for a BPC actuator the polarization of
the piezoelectric depends on the direction of the exterior electric field. For the BPC actuator
configuration shown in Figure 1 the direction of electric field of the upper and lower
piezoelectric layers oppose each other. Therefore, the redefinition of the stress relations could be
as following equations:

€7 L 9% & Fig 'y

(8)
€z L9 G Bty )

The subscripts 8 and / represent upper and lower piezoelectric layers, respectively. Moreover,
according to stress-strain relation for the bulk of the beam explained by Hookos law [23]:

€ L% & (10)
Subscripts Sand Edenote piezoelectric layers and beam bulk, respectively. Also R denotes
beaméds bulk thickness. Note that the beam bulk and piezoelectric layers have same width which
has been denoted by symbol ;. It is also worth mentioning the following relations regarding
cross sectional area:

+tVEL+ V;@Lr

£ NG @ LS L
2 AT st~ © (11)
€
I 2 i 7
(—€'>1L‘/ —el gt Ele Flet;
+ \C@E+ @l L s
'—e' ?(i>1[/ St

€

In order to complete the formulation of beamds vibration, it is necessary to derive terms N and M
as functions of displacement terms i.e. Qand S This is done by substituting equations (5) to (10)
into (3) and (4) as followings:

( ( 2
N3 g > -
OL% %% @E+ 9555 F /5’7, @E £ 9355 E 4yt @

'—g ?%>Q‘JA

ole

(12)

1

L :9%#c E 9t i
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Finally, the total internal longitudinal force and moment can be calculated as:

o)X
0L oH— (14)
¢ts 1
[ LFO = F/ &) T, (15)

where %#gzand Y%gare effective axial and bending rigidity, respectively, and can be expressed as
%is L %t E %#s and % L Y%t E %+ dAforementioned / 38;:P refers to bending
moment due to piezoelectric electromechanical reaction to external voltage where / 5

Neutral Axis

) L J : Piezoelectric patch along the beam

can be calculatedas / s L KR E RO; A5

It should be noted that ) :T; represents location of the piezoelectric patch along the beam.
Considering the Figure 2, a general notation for this functioniis: ):T; L *:TF H; F*:TF H;

where * :T;is the +H D Y Lfsheti@nHvhich is defined as: * :T; L if Uo@e UT;L !Alf;
where U: T;denotes the ' L U BelRa function [24]. Hand Krepresent starting and ending point of
the piezoelectric patch, respectively. In the current case study both the top and beneath
piezoelectric layers lie on whole length of the beam therefore | L rand | L . thus ) : T;could

be simplifiedas ):T; L F*:TF .,

Now, by substituting (14) and (15) into (1) and (2), assuming that geometrical and mechanical
properties will remain constant along the beam, governing coupled longitudinal and transverse
vibration equations of BPC would be:

¢tc ¢ 3C
0, .

e~ L= 1% — 16
e b %y (10)

¢es et et €)1 ¢ 10as
o L Fome %ot F /6 Fom 10— 17
e bR e Pl e Py e )
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where é#grepresents equivalent mass per unit length of the beam and is equal to éx#s E é5#5 @

Symmetry in BPC geometry eliminates the effect of transverse vibration in longitudinal vibration
equation, while difference in polarization direction in piezoelectric layers eliminates the effect of
external voltage in the longitudinal vibration equation. Overall, the only remained nonlinear
effect is the effect of longitudinal vibration on transverse vibration equation. So, the dynamic is
simplified and coupling is considered as a weak type of coupling which has been eliminated in
previous researches [25-27].

Also, the effect of axial force caused by longitudinal elastic strain could be considered negligible
in transverse vibration [23]. So, it is possible to neglect the effect of longitudinal vibration on
transverse vibration which leads to an uncoupled equation for transverse vibration as:
cés ¢t cts ¢,

(W L FW :%(W; F/ éE_‘W

As a BPC actuator vibrates in an air environment, it interacts with surrounding air molecules and
will cause an air flow. Thus, a hydrodynamic force will be exerted on the beam which results
damping effects on the system. In addition, there is always inevitable structural damping which
occurs due to strain rate [28]. Neglecting all other sorts of damping, the vibration equations
could be modified as followings:

€4 (18)

en s CEg Ol CC g 2

ErE SYo Ty T e T T ey (19)
¢ts o¢ ¢t ¢'S ¢t cts ¢
eh—— E $5,— E——: f;E‘—F(V‘—(L s G
e BEdoy Bqeite oy Eqe U Re (L P a6

(20)

$o and S represent the coefficients of viscous damping in air and structural damping,
respectively. Subscripts Qnd Sdenote longitudinal and transverse domains, respectively.

"\QDAPRIGAEYFUHWL]DWLRQ

In this section, a solution for the derived vibration equations is achieved by discretizing the
continuous dynamic model. To discretize the continuous dynamic model, the separation of
variables technique is utilized. Since the vibration equations are considered to be decoupled
according to section 2.1, exact solution, with respect to length variable ( T), is obtained for both
vibration equations by satisfying all boundary conditions and applying exact mode shapes.

/IRQJLWXGLQDO G\QDPLF PRGHO GLVFUHWL]DWLRQ

The longitudinal displacement Q TP, can be expressed by a uniform convergent seriesof HLJH Q
| X Q F s[RI V
CILLT &a:7000; (21)
Xds
where 3 T; represents exact un-damped mode shapes which could be calculated by satisfying
the boundary conditions. &gis mode shape normalizing coefficient which is further defined in
(27). Considering the cantilever in Figure 1, boundary conditions could be as:
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Gl e L E - &MLy
o1 I; . CE 22)

— Lr E - — Lr
0 d) 0 @

0:¢c; L %%

To satisfy the above boundary conditions, exact solution for ag T;is [23]:
e

& Lo« Fs;t—‘ (23)

The most important feature of mode shapes is their orthogonality which could be expressed as
following equations utilizing . U R Q Hdels Fukkttion [23]:

/

+ é%(&é éé:-l;gééé:-l;@ Lééé (24)
/ . ¢ 11857351,, ~ .
iz 82\ EaW,ﬁ%(T,@ L Fnéa €aa (25)
A . L . A g | LJ -
&, 5 denotes the . U R Q HdeNaHudction which is defined as &34 L M and figg

represents the Lth undamped natural frequency of longitudinal vibration. Substituting (21) into
(16), assuming all mode shapes at the same vibrating frequency ( Q; TaR L ag T; A" 9 will lead
to a formula for calculating undamped natural frequencies as:

A.gL it F AL
figpl : s — =
ev t. éj

(26)

Considering (24) and assuming m and n denote the same mode shape, then &gjwill be defined as:

J
+ é38¢&:1;8e:1,@Ls \ &L

4 §i0¢1,251. @ (27)
To discretize the continuous longitudinal vibration, (21) is substituted in (19):
) R ¢or R cr:l; ¢ 0 el
E#QI[_@S 8U’:U7,W E $Oé|[@—) 8UEU-|!T Fﬁ :$aeé|" 8U 5 5 ;
0 2 g (28)
Fﬁ:%gl &T;[‘:I;Lr

43
Multiplying &a;: T; to this equation and integrating along the beam and utilizing (24) and (25)
will lead to final discretized equation for longitudinal vibration:

[LE:LECAS;LLEASE L (29)

where U &U} are proportional damping coefficients that can be identified only by experiment
and are constant for each actuator [29]. $5:and $. are generally complicated functions since
they are affected by many parameters but in our cases study they are considered to be constant
which is justifiable by assuming constant geometry and mechanical properties along the
cantilever and also a relatively stable environmental condition.
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. ! $o

Lt 0 82:75868:01@ Lo & (30)
’ ¢
] Sa e
. ¢ el $2 ¢ .
L+ —F58 (‘) (&a:“I;@LFO—; A & (31)
Y 7/

7TUDQVYHUV G\QDPLF PRGHO GLVFUHWL]DWLRQ

Similar to longitudinal displacement, transverse displacement S:Té&P, can also be expressed by a
uniformly convergent series of H L J HX®D F WIRIQ V

ST Ll -1 Tel; (32)
43
Where 1 ¢ T; denotes exact un-damped mode shapes which could be calculated by satisfying the
boundary conditions. - is mode shape normalizing coefficient which is further defined in (40).
For a cantilevered beam in Figure 1 by considering that exact mode shapes are expressed as:
T T=#5% K QT; E #¢5 E:I}T; E #,% KOOYT; E #5 ED QT the coefficients
#s dtgdt, &g could be determined by satisfying the boundary conditions as the following

/
formulation. Note that shear force (Q) acting on a beam is equal to 3 L % !. ; according to
EulerrBernoulli beamds theory.

ST li.e. Ly ¢ts:11;
e I eqs L FOr CoLr
ecl
0% I . CT T,
—_ Lr E - — Lr
o ° @ 33
2 Lo ¢S 1 L ” ¢, r (33)
G@) 77 S | ' T (
C vy C vy
c¢s:1 1, A N
ec/ eq/

Substituting the assumed 1 T; in the above boundary conditions leads to frequency equation
and below alleviations:

Frequency Equation: E - 9%b:( . %I, L Fs (34)
Alleviations: ] Ael#Lr
And hence the th mode shape can be expressed as:

T01=[% 00T F %0 F% 5E:(1; F5EL:(, 1} (36)

Orthogonality of mode shapes for the transverse vibration would result [23]:

’ . . . 37)
ie-](-élé:-l;-élé:-“@l_t’:éé
L

/ 1€ 1€ 7 1

i i el A £ag (38)

Caf. T —— -0
* ala.W,ﬂe./c(
; ]
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where fig grepresents the th un-damped natural frequency. Substituting (32) into (18), assuming
all mode shapes at the same vibrating frequency (g TéR L T3 T; A" 9 and no external
perturbations (/ 58; L r), will lead to the definition of undamped natural frequency as:

Aopl (7 é;‘( (39)
Where {Qicould be obtained by solving the frequency equation (34) numerically and the results
are U L s&yviv {vaya w s r§{wa &that accounts for different mode shapes.

Considering (32) and assuming the same mode shapes, then - jwill be derived as:
/

<

+ éi -1 -1 1@Ls \ - L Ye——
. [ [ @ | §\A,_ — (40)
i, e 1,47,@
To discretize the continuous transverse vibration, (32) is substituted in (20):
) ) ctel; R ceol; CET 07 ¢e
ol duli e Bloel cJuTiTET Egqeiteel tog g
v a'® @ (41)
0° UgT, 0%) I T;
EW/((I -‘T’c‘.l,LFlés_‘ C_le

IEE
it should change to 37 according to Q4

Multiplying -1 v: T, to this equation and integrating along the beam and substituting (37) and
(38) in (41) will lead the formulation to the discretized transverse vibration equation:
. A 4 <Rk 42
¢ E:(E A e EAS & LF/ &= -‘T‘:“I;%@ 42
Where U &l are proportional damping coefficients that can be identified only by experiment
and are constant for each actuator [29]. For similar reasons mentioned in section 2.2.1 $¢sand
$.. aare considered constant values in our case study; hence, Us &l could be defined as:

/ A
e Lt $oe-\T‘:'|;-\T\:'|;@Lzo_( &y (43)
¢ ¢
. / n o $Oe p
L L & $o(‘-‘|‘:“|;-‘|‘:“|;@Lé_ & (44)
¢ ¢
To put forward (39), since ) :T; L F*:TF.:and U TF . L2282 thys !'Izé; L F- :Ie:A;

and the aforementioned 'L U @dka function will be utilized to simplify right-hand side of the
equation. For any arbitrary target point |H(r O H O .):
/ CGTF Feta; ¢l

+ il ———— @LFz — "(1F @ L F—— 45
} ¢ } ¢ ¢ @l (45)

Now, by substituting (42) to (39):

. C e e [
& Eilg Elafig e Efgie LF/:&- 1 —=1 (46)
1 el

107



0 (EUDKHWLDO -RXUQDO RI 7TKHRUHWLFDO DQG $SSOLHG 9LEUDWLRQ DQ

Note that 8;is the key factor that runs the actuator and since ités an external input to the plant,

generally it is considered as function of time 8; L 8;:P, and for further simplifications in

notations: | 5L F/ aU'I—‘ZeZ@& , tafisgLl W E U Ay where &yis linear damping
: e

coefficient of the system and should be identified experimentally for at least two vibrational

modes. Then U d4 and damping coefficients $g s could readily be calculated using:

?c

0t

|
\

M A

" 1t
:

—
mn _ln
N =

¢ (47)

it

$QDO\BIODREFKDYLRU

In this section, dynamic behavior of a BPC actuators is investigated. In the previously presented
models, only first two vibrational modes were considered and only sufficient non-minimum
phase region has been identified, but here we identify exact non-minimum phase region along
the actuatords length. Also, in the previous researches only first two vibrational modes have been
investigated but here we consider first three modes and show how considering the third mode
will change the minimum phase region.

A linear dynamic system is called minimum phase if all of its transfer function zeroes are located
in the left half plane (LHP). If the transfer function includes any right half plane (RHP) zero, the
system would be non-minimum phase [30, 31].

The concept of non-minimum phase dynamic plays a paramount important role in control micro-
manipulation processes and that is because a non-minimum phase system may lead to instability
in control of such systems [30]. Thus, the conditions causing a dynamic system such as a BPC to
be a non-minimum phase system and also vulnerability of such system to become a non-
minimum system should be precisely determined.

For an arbitrary target point on the beam ( H;, transverse deflection according to first three mode
shapes could be represented as: S:TéP L -5i5: TP E-4ig:T,a8:RE-,17:T,&:P.
Different mode shapes could be visualized as Figure 3.

Considering 8;:P, and S:Té&R, as the input and output of the control plant, respectively, for any
arbitrary target point ( | transfer function 6:Qcould be driven from (46) as:

S | 2clel | 2elet ) -1
€L UL .c\~~ ( _ E .c€~€ ( _ E m~1 ( _
& (“Etégfes(ERls (CEtésfes(ERg (CEtéshes E A, (48)
0:¢
I_8:(;

Where 0:Qand &:Q are the numerator and denominator of the transfer function, respectively.
It should be noted that due to the definition of | 5 its sign is the same as the sign of 'I—‘Ze Z@&;

: e
thus, for example, | 55 P r according to Figure 3 first mode shape.
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 Fistnomelizedmodeshape  Second normalized mode shape Third normalized mode shape
10 T wser 1 W
05
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08 0 ! /
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00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
(@) (b) (©
—— PRGWKDSHe ()
PRGHKD S/ RSH

) L J : First three mode shapes of a length-normalized BPC actuator
(a) First Mode, (b) Second Mode, (c) Third Mode

The location of the zeroes deeply impresses the stability of the plant as well as its dynamic
behavior in the closed-loop system. Analyzing roots of 0:Q would give us the zeros of the
system:

0:G L Igele: 3= C(PE=CE=(*E=CE=¢

(49)
| aele | .1
::LSEéeEé7 Cel_ ~ ‘ E7L ‘,\l ‘
: | aee I ae
£ (
:eL:téeﬁéeEté7ﬁé7'Eé€:téEﬁé5Eté7ﬁé7 Eél te Na Etcenee
- e " P : R . FEE 211 & € B R .
= L iAfe ENE; EvéeNacé Moy B &cififc E Mgy EVvécfoeé;fleq) (50)

e L itéeRaefils Eté;fg e E e técfpe il EtE Ry Ale;
Eé téfegcNie EtécfgeNc;

S| RE RE cpz mE RE - pE oz cEE mE -
sc LiRgeNgs  E&eiNgeNass E &t Rge e

To have the system remaining in the minimum phase region, it is necessary to locate all of zeroes
in LHR region. It also should be noticed that | 551 5:1d; P r is valid for any arbitrary target

point ( |; Thus, the sufficient prerequisite condition for minimum phase region is [30]:
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F=¢
ESLGEGEGE(L—

-

Bt L GGEGGEGGEGGEGGE GG L—Pr

F e (51)
ELL GGG EGGGEGGGE (GG L— Cr

-

EVL GGGGL=Fr

where QaQ &3 &represent the zeros of 0:Q Moreover, the sufficient prerequisite condition to
have all four zeroes in the LHR region is: 5s&bu Or f « 15t &v P r. It is obvious that the
recent condition only depends on magnitude and sign of the &g &; One of the sufficient
conditions that provides the system with minimum phase region is when: =& &, &g&9 P ror
when: & &; P r which is attained, according to Figure 3, if the target point is to be located
after the second node of the third mode shape (TP r& x z ). Thatds because in this region
| 56 Or @g:d; Orand also | 57 Prd;:H; Pr; thus, the result would be: & P r and
& P r. Figure 4 shows the specified region.

First three normalized mode shape

1.0t /
0.5; _. \ ' o
- 6()
/ | X ¢ ()
0.0— 0.504-'-_. 0.783 'g_gsg z ¢ /)
-0.5¢
-1.0}

00 02 04 06 08 10

) L J : First three mode shapes of a length-normalized BPC actuator. Target pointat S P r & x z provides the
system a sufficient condition for minimum phase criteria

Following same procedure for only first two mode shapes would result in SPr&zuas a
condition that provides the system with minimum phase region. This means that once we
consider the third mode in addition to first two mode shapes, the minimum phase region shrinks
i.e. moves from node of the second mode shape to last node of the third mode shape. So, the
more mode shapes we consider the smaller the minimum phase region becomes and the last node
of the highest mode shape defines the minimum phase region.

In next step, exact edge of minimum phase criteria will be investigated. Finding the border of
minimum phase and non-minimum phase region is important since ités decisive for determining
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safety factor when it comes to design a controller for BPC actuators. According to
aforementioned conditions for minimum phase region, both 5s&u O r f « 15t &v P r must be
satisfied simultaneously. 5sé&bt &udbv are obtained by substituting (50) into (51) and are
depicted a function over cantileverés length.

As it is seen in Figure 5, the region over the beam that satisfies 5s&buOr f e 1t5t&bv P r
simultaneously is when target point is located at TP r& x z. Conclusively, the edge of
minimum and non-minimum phase region is T L r & x z when first three mode shapes are taken
into consideration which is located before the second node of the third mode shape.

Same conclusion could be made based on Figure 6 which is the plot for f5 —fg

Normalized S1 Normalized 52
4 4t
2 9l
0 0827 f 0 %
L wr ||
2 ( )
-4 -4
-6 { b
00 02 04 06 08 10 0 02 04 06 08 10
‘Norm‘al‘iz‘ed 83 - Normalizeq $4 |
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As it is seen from Figure 6, if the target point is located at T P r & x z, the cantileverds dynamic
system is considered minimum phase.

6 L P X OM/W G RIIR L PEHAK D YIDPW \ V L V

A case study is done to investigate the consistency and accuracy of the proposed analytical
analysis. In this regard, a cantilever made of brass and fully covered by piezoelectric layers on
both sides, is considered dynamic system for case study. The material properties of the Brass
substrate and PZT layers are shown in Table 1. Note that piezoelectric material for this cases
study is PZT-5A.

It should be noted that Uy and Uk are damping coefficients that are calculated using
experimental results and the process is further explained in section 4.1. Damping coefficients are
considered unique for the whole system so the values of these parameters are considered the
same for bulk substrate and piezoelectric layers. Moreover, according to considered material
properties, first three natural frequencies are attained according to (39) and listed in Table 2.

Zero-elimination phenomenon happens here by changing from minimum phase to non-minimum
phase region along the cantilever i.e. RHP zeroes appear in the cantileverés dynamic system by
changing the target point. To elaborate on that, Bode magnitude plot and frequency response of
the cantilever for three target points including 0.9 / and 0.8 / and 0.7 / are shown in Figure 7 and
Figure 8, respectively. Moreover, root locus analysis, shown in Figure 9 and Figure 10, help to
picture how zeros appear in RHP when dynamic system becomes non-minimum phase.
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7 D E OMaterial properties of Brass substrate and piezoelectric layers used in BPC

Symbol Unit PZT-5A Brass
Y Width (mm) 3 3
L Length (mm) 23.98 23.98
l¢ 15 Thickness (mm) 0.13 (each) 0.12
é Mass density (kg/ 1 * 7800 9000
% 9 Modules of elasticity (G Pa) 58 105
b7 Piezoelectric constant (CI19 -5.7
e Mass damping coefficients le-4
e Stiffness damping coefficient le-6
& 1% Linear damping coefficient 8.6e-4
¢ 2" Linear damping coefficient 54e-3
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7 D E OFHitst three natural frequencies of the BPC actuator

Mode number Natural frequency (Rad/Sec)
1 1733.381
2 10863.698
3 30421.731
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As it is seen, at the target point TL r§. both zeroes exist in the dynamic operation i.e. the
system is minimum phase as was expected. But at the target point TL r&. the second zero
(zero between second and third poles) is eliminated and also at target point TL r&., first zero
(zero between first and second poles) is shifted and superseded the second zero. Neither at target
point TL r&., norat TL r&. is the system minimum phase because of the advent of RHP
zeroes. It should be noted that the emergent of RHP zeroes due to changing the target point is an
inherent feature of BPC actuators; hence, itds an inevitable phenomenon which has to be
considered when aim is to design or utilizing a BPC actuator.

([SHULPYD@WBOWLRQ

In this section, an experimental setup is developed to validate the proposed dynamic model. For
that, a laser sensor (ILD2300 made by Micro-EpsilonF) with a resolution of 10nm is utilized in
the setup to measure the deflection of piezoelectric cantilever at different target points. Bimorph
piezoelectric actuator (T215-A4-103X from Piezo System Company, Woburn, MA, USA) is
clamped on one end and free at the other one where the free end is aligned across the laseros
focus length. The geometric and material properties of the cantilever are listed in Tablel. The
cantilever is actuated by an applied voltage generated by a data acquisition card (PIC-1716,
Advantech) and aplified by an aplifier (EPA-104-230). The data acquisition card (DAQ), with
sampling rate of 250 kHz, also is used as an interface between laser and computer. Figure 11
shows the experimental set-up and configuration.

ILQBIQDPIGHQWLILFDWLRQ

To identify the linear damping coefficients, an arbitrary target point, HL tsdvlIl L raz,
was chosen for frequency response, and by fitting the simulation result on experimental result
linear damping coefficient was attained in two steps.

First, in order to suppress the hysteresis and material nonlinearity effects, a chirp type input
voltage with low-amplitude rd 8was applied to the actuator and results were further analyzed
as shown in Figure 12. Damping coefficients were obtained by fitting simulation results with
experimental data for first and second mode shapes in both experiments. An acceptable
consistency between experimental and simulation results could be seen and the obtained
damping coefficients are provided in Table 1.
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It is notable that a distortion called softening can be seen around the natural frequencies by
increasing the input voltage. It is caused by piezoelectric material nonlinearity which only
happens near resonances and does not affect the general actuator response [32-34].
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To evaluate the identification results, proposed dynamic model with identified damping
coefficients was applied to two target points, |HL r&t.and HL r& w, at different frequencies
and the results are compared with experimental results. As it is seen from Figures 14, 15, an
acceptable consistency between the results approves the validity of identification section.

Second, to illustrate the zero effect it is necessary to increase the amplitude of input voltage. In
this regard, the amplitude of chirp type input voltage was t 8 and the experiment results are
depicted in Figure 13.

"\QDHELEKD YID®W\V LV

To investigate zero-elimination phenomenon experimentally, frequency response of three
different target points, ZL r4. & L ra&. & «1Z L r§., are investigated. Results are depicted
in Figures 16, 17 and Figure 18, respectively. It is seen that position of zeroes change by
changing the target pointds position according to the fixed position of poles. Moreover, based on
the results in section 3.2, it is expected to observe the system operating in non-minimum phase
region both at ZL r&. and ZL r&. due to the elimination of the second and first zeros,
respectively. This expectation is validated by experimental results in this section. In each figure,
frequency responses of experimental results are shown along with the results of proposed
dynamic model and a good consistency is seen between them. It should be noted that in each
case the actuator underwent two different range of frequencies, first = +]and second =

+] to cover all first three vibrational modes. The second frequency range was done
with a greater amplitude of input voltage to better show the zero-elimination effect.

&RQFOXVLRQ

In this paper, a continuous model for BPC actuator's dynamic behavior has been developed
considering both transverse and longitudinal vibrations. Modal analysis was utilized for
discretizing coupled set of vibration equations which resulted in uncoupled equations only for
fully covered BPC actuator on both sides. Furthermore, dynamic behavior was analyzed to
determine the exact non-minimum phase region along the actuatorés length. A simulation study
was employed to better clarify zero-elimination phenomenon based on non-minimum phase
concept considering first three vibrational modes for different target points. The proposed
dynamic model was evaluated experimentally, and adequate consistency with theoretical results
confirmed the validity of proposed model.
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