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The current paper proposes the vibrational behavior of a cracked
micro-cantilever Euler-Bernoulli beam with a concentrated mass and
its moment of inertia at the free-end boundary condition based on the
Modified Couple Stress Theory (MCST). We model the open-edge
crack and calculate its stiffness. We also consider The Stress Intensity
Factor (SIF). Using Hamilton’s principle, the associated boundary
conditions followed by the system’s dynamic equations are derived
based on MCST. Afterward, the natural frequencies of the cracked
micro-cantilever beam are semi-analytically determined. In the
numerical results, we obtain the first three natural frequencies of the
system versus various parameters containing the crack depth and
location changes and the material length scale parameter with the
different mass ratios. The results are verified with similar previous
research. The calculated results indicate that increasing the crack
depth, approaching the crack location to the concentrated mass and the
node points, and increasing the mass ratio cause a decrease in
frequencies. However, increasing the material length scale parameter
causes an increase in the natural frequencies due to raising the total

strain energy of the system.
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1. Introduction

Nowadays, the design of small-size structures has become increasingly important with the
development of science and technology. Micro-beams, especially microcantilever beams are the
fundamental components commonly used in Micro-Electro-Mechanical Systems (MEMS) such as
microswitches and micro piezo-electric sensors [1-5]. Size-dependent theories are discussed in
much-conducted research on micro-beams. Among them, Modified Couple Stress Theory (MCST)
and Modified Strain Gradient Theory (MSGT) [6-10] are the most important. Wang et al. [3] used
experimental experiments to show the flow rate sensitivity of an airflow sensor with a free-
standing micro-cantilever as a MEMS-based structure. Chen and Zheng [6] investigated the static
bending of an Euler-Bernoulli micro-beam with a surface-mounted zero-one polarized actuator
with four different boundary conditions. They used MCST to capture size dependency and
analytically calculated the maximum deflection of the beam in various boundary conditions.
Joseph et al. [11] proposed a double micro-cantilever beam assuming surface effects and using
Strain Gradient Theory to investigate the size-dependent effect and Stress-Intensity-Factors (SIF).
Shafiei et al. [12] have presented a rotary tapered micro-cantilever beam and analyzed the first two
frequencies with different values of the system design variables based on MCST. Using the Euler-
Bernoulli theory for the simply-supported and cantilever beam, Kong et al. [13] analyzed the size
dependency effect of the microbeam on the system's frequencies, and they analytically solved the
problem using MCST. Park and Gao [14] also used MCST with Euler-Bernoulli's theory for
bending a cantilever beam. Zhang et al. [4] obtained the dynamic equations of a micro-cantilever
beam with a piezo-electric actuator and proposed an adaptive linear controller for the system. Taati
and Sina [15] studied the static tensile behavior of an electrostatically actuated functionally graded
(FG) micro-cantilever beam mounting on an elastic substrate using the MSGT.

Another interesting topic for researchers is the existence of faults in structures. Cracks are the most
common damage to a component, especially in small sizes. In addition to crack detection [16-19],
assumed as a crucial subject in research, crack modeling is also important to investigate its effect
on the vibration behavior of systems. Often, in much scientific documentation, the crack is
modeled as a spring with torsional stiffness, and its influence is studied on the natural frequencies
of systems and examined component's life. Nakhaei et al. [20] proposed a cracked beam with two
different circulars and the V-shape models for the breathing crack. Afterward, they investigated
the influence of the crack parameters containing depth, shape, and location on the natural
frequency. Fu et al. [21] assumed a simply-supported cracked beam with two different T-shapes
and rectangular cross-sectional area and considered a nonlinear stress distribution model close to
the crack in the system. Then, they presented an estimation for local and global stiffness. Zai et al.
[22] studied the structural optimization of a cantilever beam with a midpoint load and optimized
the geometry to minimize its final volume to obtain the minimum weight using analytical and
Finite Element (FE) methods. They also calculated the first three natural frequencies of the
cantilever beam without the midpoint load. Then, they compared the results with FEM. Khorshidi
and Shariati [23] investigated a cracked Nano-beam with the Timoshenko model and assumed the
axial force and bending moment with their couple effects. Kutukova et al. [24] used a micro-
Double Cantilever Beam (micro-DCB) experimental test with an X-ray and the 3D structures
microscope to study crack propagation in materials and analyze the fracture behavior of composite
bulk materials. Joseph et al. [25] analytically researched the fracture behavior of a flexoelectric
double cantilever beam (DCB) using SGT (or Strain Gradient Theory) and then presented
numerical results. Akbas [26] considered an FG-cracked microcantilever beam with the Euler-
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Bernoulli model and showed the crack parameters’ effect, including the location and depth, on the
system vibration behavior based on MCST. Akbas [27] also introduced a cracked Nano-cantilever
circular beam under an external dynamic centralized force using MCST with Timoshenko beam
theory and considering structural damping effect with the Kelvin—Voigt model. Rajasekaran and
Khaniki [28] investigated the influence of Bi-Directional Functionally Graded (BDFG) cracked
beams on the system’s lateral vibration with two different boundary conditions containing
cantilever and simply supported. Behera et al. [29] proposed a cracked cantilever beam and
examined the effect of crack incline on the first three mode shapes. Shoaib et al. [30] assumed a
piezoelectric cantilever MEMS sensor and analyzed the influence of the crack location on the
displacement and resonance frequency without considering the size effect. Rahi [31] assumed a
cracked simply-supported micro-beam using MCST and presented various models for Stress
Intensity Factor (SIF). He analyzed the influence of the crack depth ratio 7, the crack location L,
and material-length-scale-parameter [ on the crack equivalent torsional stiffness and the beam's
first two natural frequencies. Rahi and Petoft [32] also analyzed the free vibration of a micro-beam
with multiple cracks with the MCST model. They assumed an Euler-Bernoulli multi-crack micro-
beam with simply-supported boundary conditions. They also provided a general solution for
determining the equations of micro-beam boundary conditions with any desired number of cracks.
Finally, they numerically investigated the effect of two cracks' existence on the first three natural
frequencies. Laura et al. [33] analyzed the free vibration of a clamped-free (cantilever) Euler-
Bernoulli beam with a concentrated mass at the beam's free end. They analytically calculated the
eigenvalues (frequencies) as well as the mode shapes of the system. Then, they defined a mass
ratio coefficient (the ratio of the concentrated mass to the beam's overall mass) and analyzed
changes in the beam mode shapes and eigenvalues with different mass ratios in the numerical
results. Wu and Lin [34] also studied the free vibration of a uniform cantilever beam with multi-
concentrated masses with semi-analytical and Transfer Matrix Methods (TMM). They derived the
eigenvalue equation analytically by using the expansion theorem. Then, they numerically
calculated the eigenvalues and eigenvectors and assumed a cantilever beam with a concentrated
mass at the free end condition. Finally, they computed the system’s natural frequencies with
various mass ratios.

Although there is much research about presenting the dynamic models of cracked beams, further
study and research is needed to predict the dynamic behavior of these systems, especially in small-
size structures. This paper presents a cracked micro-cantilever beam with an equivalent
concentrated mass and its moment of inertia. This problem with a small size structure, especially
microscale, has not been studied yet. In addition, the research outcome could be a fruitful method
to predict the vibrational characteristics of MEMS sensors having similar conditions to the present
model, especially when there is a fault (crack) in the system. The system’s natural frequencies are
analytically determined. Finally, in the numerical results, the effect of the mass ratio (the ratio of
the concentrated mass to the beam’s total mass), crack-existence parameters, including location
and depth, and the material length scale parameter are investigated on the system’s first three
natural frequencies.

2. Modeling and governing equations of the system

According to Fig. 1, a cracked micro-cantilever beam is assumed. The open edge crack has depth
a and location L. from the clamp end. Also, the crack is considered perpendicular to the micro-
beam’s neutral axis without propagating behavior. A concentrated mass M with an equivalent mass
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moment of inertia I, around the Y-axis is connected to the free end. The micro-beam has a
rectangular cross-section, with width b, height k, and length L with the coordinate system X — Y —
Z.

*Z
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1 L :

Fig. 1 Micro-cantilever beam with an open edge crack and concentrated mass and its equivalent moment of inertia at
the end of the beam

Considering the crack as shown in Fig. 2, the lateral movement of the micro-beam can be divided
into two segments (w, (x,t) and w,(x, t)) with separate functions in terms of displacement and
time. The crack is modeled with a torsional spring using a torsional stiffness. Thus, we divide the
cracked micro-cantilever beam into two segments connected with a torsional spring at the location
L (see Fig. 2). According to Fig. 2, the crack is modeled with a torsional spring with an equivalent
stiffness K.
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Fig. 2: Modeling of an open edge crack with a torsional spring

2.1. Mathematical model of crack stiffness

According to Rahi’s research [31], the new models for calculating local stiffness are presented by
considering the Stress Intensity Factor (SIF). Using model number 4, the equivalent torsional
stiffness for the crack can be written as follows:

K = 1 [ 36E] 1-n3
e 12 1\2] |25mh(1 —92) n2(3 —n) 1
area—nye ) ] .
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where n = a/h is a non-dimensional coefficient defined as the ratio of crack depth to the micro-
beam height.

3. Determination of dynamic equations

The fundamental relationship to calculate the strain energy density (m,) for elastic isotropic
materials with the MCST model is presented as follows [31, 35]:

1 1 2
Ty = Eciisii + Emll Xls]

where g;;, &, x, and m;; are, the stress tensor, symmetric curvature tensor, and the

deviatory couple stress, respectively. These parameters in MCST are defined as follows:

1
O-ij = ZHSU + Agkk ; Eij = E (ui,j + uj,i)

=2 2,,s N
mij = ,Lll XU ; XU = _2 (gi,j + Gj‘i) H gi,j = _Eijk ul-‘]-

In Eq. 3, 6;, w;, I, € are components of the infinitesimal rotation vector, components of the
displacement vector, material length scale parameter, and permutation symbol, respectively. Also,
u=ERA+Y) and A1 =E9/(1+9)(1 —29) =2u9/ (1 — 29) are Lame’s constants concerning
Young’s modulus E and Poisson’s ratio 9.

Assuming the Euler-Bernoulli beam’s model, the displacement vector in the micro-beam is
presented as follows:

ow(x,t)

I ;U =0 ; uz;=w(xt) (4)

u, = -z

where w(x, t) is the displacement of the micro-beam. Assuming small slope deformation in the
micro-beam, the components of strain tensor £ and symmetric curvature tensor y can be obtained
as follows:

ou, 0w
Sxx=¥=—zax2 ; SVY:SZZ:SXYZSxZZSyZZO
-1 9%*w (%)

Xiz = X21 = 2 W S XIS X2 = X33 = X32 = Xi3 = X31 = X353 =0

Now, putting Egs. 3-5 in Eq. 2, the simplified strain energy density (1) can be obtained as
follows:
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_1E 2 azw 2 El2 62w 2 (6)
Mo =282\ 52 ) Y 2 ) \ox?
In this regard, the strain energy of each segment can be obtained by multiplying strain energy
density by the cross-sectional area of the beam as follows:

—f dA = azszzclA+ il fdA
Toa = | TR =25 \ax2 ) J,° 20+ 1) ax2

_ 1E oPw\* _EP (0w’
ma =38 \5e) T2+ Mo
where A = [ ,d4 and ] = 1} 2% dA indicate the micro-beam cross-section area and moment of

inertia, respectively. Considering the rectangular cross-section for the beam, A = bh and J =
bh3/12 = Ah?/12, thus A = 12]/h?. By puttingA = 12J/h? in Eq. 7 and integrating the beam’s
length element, the total strain energy (5) of the micro-beam is calculated as follows:

[t (2 e 2L () 0
T =) Toadx =78 | \oz) “ra1ie\n) ) \az)

The system’s kinetic energy T is written as follows:
p (L
=< f [AW?] dx ©)
2 0

U]

where p is the density of the micro-beam.

In MCST, the material-length-scale-parameter (1) as the fundamental parameter in this method is
used to consider the size dependency of the material in small-size (micro and nano) structures.
According to Eq. 8, it is also clear that there is another term in addition to the total bending
moment, which is dependent on the material-length-scale-parameter (1) to calculate the beam's
total strain energy ().

Based on Hamilton’s principle, one may write:

jtza(T —T+W)dt=0 (10)
t

1

By substituting the Egs. 8-9 into Eq. 10, and after simplifying the equations using variation
calculus, the dynamic relation of the micro-beam is derived as follows:

64W

6 = TpAw =0 (11)

where

=il

The solution of Eq. 11 is obtained as follows using the separation of variables method:
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w(x, t) = W(x).{Acos(wt) + Bsin(wt)} (13)

where A and B are constant coefficients. By putting Eq. 13 into Eq. 11 and applying some
simplifications, we have:

d4
——BWE =0
x (14)
2 4
gt = pAw a2 B—S
S pA

where w is natural frequency, p is the density of the micro-beam, and A is the cross-section of the
micro-beam.

By solving Eqg. 14, the general solution for each segment is obtained as follows:
W(x) = C; sin(Bx) + C, cos(Bx) + C; sinh(Bx) + C, cosh(Bx) (15)

where C;, (i = 1, 2, 3, 4) are constants.

Eq. 15 can be used for every segment and therefore, the dynamic equations of the two segments,
respectively, are written as follows:

W, (x) = C; sin(Bx) + C, cos(Bx) + C; sinh(Bx) + C, cosh(Px); 0 < x < L¢
W,(x) = Cs sin(Bx) + Cq cos(Bx) + C, sinh(Bx) + Cgcosh(fx); L < x <L

(16)

where C; to Cg are constants. By assuming L as the crack location, the governing eight boundary
conditions for the system are expressed as follows:

aw,
w;(0,t) =0 ; =—(0,t) =0
0x

23w, (L, t) .
S # = Mw,(L,t)
Sazwz(L, t) p 0w, (L, t)
d0x2 M ax
wy (L, t) = wy(Le, t) (7

2

L, t owy L, t —an(L t)xS
(Cl) ax ( c )_ axz c’ Kt

ow,
dx

2

22w, 02w,
SW (Le, t) = SW (Le,t)

23w, 03w,
ST (L, ) = ST (Le, )

The obtained boundary conditions are described in the following sentences:
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According to the system modeling as the cracked cantilever micro-beam with end concentrated
mass and moment of inertia, the system has eight boundary conditions. For the clamp end, it is
clear that the beam does not have any displacement or slope. Thus w;(0,t) = 0 and — 6w1 (0 t) =

0. For the free end with the concentrated mass (M) and inertia (I,,;), we consider the equallty of
the bending moment of the beam with the angular acceleration of mass inertia and the shear force
with the concentrated mass acceleration as S % Wi(ZL ) _ p, 2208 g g9 WZ(L 9 — My (L, ).
At the crack location, we similarly have the same boundary condltlons as the equality of the
bending moment, shear force, and displacement of two functions W;(x) and W,(x) as
2 2
ST (L, t) = S22 (L, 0), 5"’ i (Lo t) = 5% 222 (L, ), and wy (Lo, £) = wy(Le, t). The last
one is defined at the crack locatlon as the equahty of the beam’s bending moment with the crack’s

07w, —+ (L, t) where 6 =

bending moment due to its equivalent torsional stiffness (K;) as K6 = S
a ]
T2 (Lo t) =52 (Lo D).

By replacing Egs. 13-14 into Eq. 17, Eq. 18 can be rewritten as follows:

W,(0) =0 ; =0
3 4
d Wz = (L) +Mﬁ W,(L) =0
pA
d*w, LyB* dw
dx? L)+ pA d =0
Wy (Le) = Wy (L) (18)

S dx? (L) =S dx? (Le)
da3w; daw,
S dx3 (L) =S dx3 (Le)

where K, is the crack equivalent local stiffness with the torsional spring model. By substituting
Eq. 18 into Eq. 16, a set of 8 algebraic equations result in matrix form which is presented as
follows:

uHl¢l=0; ij=1  2,..8 (19)
where the non-zero elements of the matrix [Q] can be expressed as follows
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Q(12)=1; Q(1H=1
Q2D =p; Q23) =48

233 [

4

= B3sinh(BL) + Mﬁ cosh(,BL)

5 5
Zﬁ cos(BL); Q(4,6) = —B? cos(BL) — s

ﬁ cosh(ﬁL) Q(4,8) = B? cosh(BL) +

QB7) =p’

sm([z’L)

Q(4,5) = —B? sin(BL) +
Mﬁs

smh(ﬁL)

Q(4,7) = % sinh(BL) +
Q(5,1) = sin(BLc) ; Q(5,2) = cos(BLc)
Q(5,3) = sinh(BL.); Q(54) = cosh(BL.)
Q(5,5) = —=sin(BL.) ; Q(5,6) = —cos(BL.)
Q(5,7) = =sinh(BLc); Q(5,8) = —cosh(BL,)
Sp?

S 2
Q(61) = f cos(L0) ~“-sIn(BL) Q(62) = =B sIn(BL) ~ “—cos(BL)
¢ (20)

2 S 2

Q(6,3) = B cosh(BL.) + — Sﬁ sinh(BL.); Q(6,4) = B sinh(BL.) + —— '8 cosh(ﬁL )
Q(6,5) = —ﬁ cos(BLc); Q(6,6) = B sin(BL,)

Q(6,7) = =B cosh(BLc) ; Q(6,8) = —pB sinh(BL.)
Q(7,1) = —p*sin(BL); Q(7,2) = —p*cos(BLc)
Q(7.3) = p*sinh(BL.); Q(7,4) = B*cosh(BL,)
Q(7,5) = B*sin(BL.) ; Q(7,6) = p*cos(BL,)
Q(7,7) = —p*sinh(BL.) ; Q(7,8) = —B*cosh(BL,)
Q(8,1) = —p3cos(BL); Q(8,2) = Bsin(BL,)
Q(8,3) = B3cosh(BL.); Q(84) = p*sinh(BL,)

Q(8,5) = B3cos(BL,); Q(8,6) = —B3sin(BL,)
Q(8,7) = —B3cosh(BL.); Q(8,8) = —B3sinh(BL,)

Considering the zero value for the determinant of the matrix [Q] and solving Eg. 20 with respective
to B, the natural frequencies can be calculated by the semi-analytical method.

4. Numerical results and discussion

In this section, we innovatively present the numerical results for a cracked micro-cantilever beam
with different concentrated mass and rotary inertia values. The system has the following
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mechanical properties [31]: Young modulus E = 1.44 GPa, Poison ratiod = 0.38, and
density p = 1220 %. The micro-beam dimensions are the height h = 20 um, width b = 2h, L =

20h, the beam’s moment of inertia | = 1—12bh3, and material length scale parameter [ = 0.5h. In

this regard, we can calculate the equivalent mass at the end of the cantilever. Hence, the R symbol
is defined as a concentrated to the beam overall mass ratio. In this regard, we can calculate the
equivalent mass at the end of the cantilever. Dimensions of the rectangular point mass are a’ =
100 um, b’ = 100 um. Therefore, the concentrated mass and its rotary moment of inertia at the
clamped-end boundary condition are obtained as follows:

M
R=— - M =mR = pALR
m (21)

1
Iy = EM(a’Z +b'?) + MI2

Considering these assumptions, the equations and the system'’s natural frequencies are determined
numerically by defining the determinant of the matrix Q to zero. In this study, we investigate the
variation of the first three natural frequencies by changing the crack parameters (including the
crack depth ratio (n) and crack location (L.)) and the mass ratio (R) as follows:

L/h=20, Vh=0.5, L /L=0.4

Lh=20,/h=0.5,L /L=0.4

Wiy (Hz)

0 002 004 0068 008 01 012 014 016 018 02 1.78 ¢

0 002 004 0068 008 01 012 014 018 018 02
n

i

Fig. (3) The first natural frequency variation versus the  Fig. (4) The first natural frequency variation versus the
crack depth ratio with different mass ratios(R) crack depth ratio with different mass ratios(R)

According to Figs. 3-5, the first three natural frequencies of the system (w1, Wy, wy3) are plotted
versus cracks depth ratio (n) with four different mass ratios (R = 0, 0.5, 1, 2); the location of the

first crack is fixed at % = 0.4. The results show that the natural frequencies decrease by increasing
the crack depth () and the mass ratio R. Additionally, in Figs. 6-8, the natural frequencies
(wn1, wna, wy3) are obtained by changing the crack location ratio (%) with the same four different

mass ratios again (R = 0, 0.5, 1,2); However, the crack depth ratio is assumed constant with n =
0.2 this time.
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. L/h=20, Uh=0.5 L /L=0.4 ot =02, LIh=20, Uh=0.5
59 267

587

571

56}

—
N
I
~ 18}
c
55 3
161

54}

Woa (Hz)

R=0
R=05
R=1
R=2

53+

5oL L L . L L L : L . L L )
0 002 004 006 008 01 012 014 016 018 02 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

l LJL

Fig. (5) The third natural frequency variation versus the  Fig. (6) the first natural frequency variation versus the
crack depth ratio with different mass ratios(R) crack location with different mass ratios(R)

105 7=0.2, L/h=20, I/h=0.5 <105 7=0.2, LIh=20, I/h=0.5

R=0
R=0.5
R=1

R=2

9. 04 02 03 04 06 06 07 05 00 1 0 01 02 03 04 06 07 08 09 1

. K 0.5

Lc/L Lc/L
Fig. (7) the second natural frequency variation versus Fig. (8) The third natural frequency variation versus
the crack location with different mass ratios(R) the crack location with four different mass ratios(R)

Increasing R means raising the concentrated mass (M) and the mass moment of inertia (I),
according to Eqg.21. The first natural frequency (w,,;) is decreased by increasing R and followed
by an increase in M and I, (Figs.3&6). About the other natural frequencies (w2, wy3), although
increasing R causes a decrease in w,,, w,3, due to the existence of node points from the second
frequency onwards, the frequencies are further than in the case of without concentrated mass and
its inertia or R = 0 (Figs.4-5 & 7-8). Now, in the diagrams of the frequencies versus the crack
position, according to Figs.6-8, it is clear that the frequency behavior increases harmonically and
decreases relative to the crack position. The local minimum points imply the node points in the
system. In the first frequency diagram, there isn't any local minimum point. So, the first frequency
has no node point. In the second frequency diagram, there is one minimum point near L./L = 0.5.
So, this is the node point of the system in the second mode. For the third frequency diagram, there
are two local minimum points close to L./L = 0.3 and L./L = 0.7. They are the node points of
the third mode frequency similarly. Moreover, the natural frequencies are minimum at both ends
of the beam containing the first clamp condition and concentrated mass along with its moment of
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inertia at the free end. Note, in the specific case of R = 0, the system is converted to the clamp-
free condition that the frequency is the maximum value at the free end.

In another case, the material length scale parameter (1) is changed to analyze its effect on the
natural frequencies. In this regard, we fix the crack depth and location at n = 0.2 and % = 0.4.

Then, the material length scale parameter changes from 0 to 10um with different mass ratios (R)
again. The obtained results are shown as follows:

10* 7=0.2, UL _=0.4 7=0.2, LIL =0.4

37
281
26
2.4

22

(Hz)

w, (H2)

“n1
re

L r : . L " N " L " 0 1 2 3 4 5 6 7 8 9 10
0 1 2 3 4 5 6 7 8 9 10 Material-Length-Scale-Parameter | (ym)
Material-Length-Scale-Parameter | (um)

Fig. (9) The first natural frequency variation versus the  Fig. (10) The second natural frequency variation versus
material length scale parameter with different mass the material length scale parameter with different mass
ratios ratios

According to Figs. 9-11, increasing the material length scale parameter (1) causes an increase in
all frequencies with the nonlinear behavior form. This issue occurs because of a rise in the system’s
total strain energy (r5) by increasing the material length scale parameter (1) according to Eqg. (8).
The changing mass ratio (R) provides a similar effect on the frequencies, as expressed before.

105
56 o

n . L . . . " .
0 1 2 3 4 5 6 7 8 9 10
Material-Length-Scale-Parameter | (um)

Fig. (11) The third natural frequency variation versus the material length scale parameter with different mass ratios

5. Case study verification

In a specific case, if the material length scale parameter is assumed to be insignificant or [ = 0, the
micro-beam is converted to a macro-state, and respectively by neglecting the effect of the crack
and the concentrated mass with consideringn = 0 and R = 0, the system converts to a simple
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Euler-Bernoulli cantilever beam with a free end. Therefore, the natural frequencies of the clamp-
free Euler-Bernoulli beam can be calculated as follows [36]:

1

wy(Hz) = (%) (an)? (pZ]L4)§; (n=12,..) (22)

The first three natural frequencies of the system are computed by replacing the mechanical
properties of the beam as follows:

1
E] \2 .
pAL4) =2.1935 * 10* (Hz)

Wy = (%) (a, = 1.875)2(

N =

(23)

= i = 4.694)? £ =1.3748 « 10° (H
Wnp = o (a; = 4.694) pAlA) T * (Hz)

1/2
= i = 7.855)2 EJ = 3.8498 = 10° (H
Wn3 o (as .855) DAL . (Hz)

These analytical results equal the obtained frequencies of the present solving method in this
specific case.

In another specific case, if the material length scale parameter and the crack effect are ignored
anew (respectively, by substituting [ = 0 and n = 0), the system will be simplified to a cantilever
beam with a concentrated mass at the free end. It is similar to Laura et al.[33] work and the
numerical case study of Wu and Lin [34]. For this reason, considering their numerical values for
the beam mechanical properties, including E = 30 = 10° Psi, the beam mass per unit length m =
0.8891 Ibm/inch, the beam diameter d = 2 inch, the beam length L = 40 inch, and R =1
without the mass moment of inertia (I, = 0), along with considering 1 in = 25.4mm, 11lbm =

0.45kg, 1lbf = 445N, 1psi = 6894.76i2 as the units conversion factors, we compare
m

the obtained numerical results of the present work with their similar research for calculating the
first three natural frequencies of the beam as follows:

Table 1. Comparing numerical results of the present work for computing the first three natural frequencies of the
cantilever beam along with a concentrated mass at the free end with other studies

Research Wn1 (ﬂ) Wn2 (@) W3 (ﬂ)
sec sec sec
Present 5.1305 53.4805 167.4843
Wu and Lin [34] 5.0111 52.2837 164.1022
Laura et al. [33] 5.0105 52.2007 163.7544
Difference with Wu and Lin [34] (%) 2.33 2.24 2.02
Difference with Laura et al. [33] (%) 2.34 2.39 2.23

According to Table. 1, it seems that the present numerical method results are approximately
compatible with the results of other similar previous studies [33, 34].
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6. Summary and conclusion

In this article, a cracked microcantilever beam is studied with a concentrated mass and its related
moment of inertia at the beam’s end based on MCST. Afterward, the effect of the mass ratio (R)
and the crack parameters including the depth and the location, was investigated on the natural
frequencies of the micro-cantilever beam. First, a non-propagated open-edge crack with a torsional
spring based on MCST was considered. Then, the governing dynamic equations and the boundary
conditions were derived using Hamilton’s principle. The obtained equations were solved using the
method of separation of the variables. Afterward, the first three natural frequencies of the system
were semi-analytically calculated.

The numerical results showed that increasing the crack depth causes a decrease in natural
frequencies remarkably with nonlinear behavior form. Additionally, every frequency is decreased
by approaching the crack location to the concentrated mass and the node points. In this regard, the
minimum local frequencies versus the crack location imply the node points of the system.
Therefore, the system in the first natural frequency (first mode) has no node point, the second

mode has a node point (close to % = 0.5), and the third mode has two node points (close to % =

0.3,0.7). Also, based on the obtained results, by comparing different ratios of the concentrated
mass to the beam’s total mass, increasing the mass ratio (R) with increasing the mass moment of
inertia causes a decrease in the frequencies. Finally, according to the results, increasing the
material length scale parameter increases the frequencies nonlinearly due to raising the total strain
energy of the system.
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