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rough contact interface using the multi-asperity contact theory in the elastic region.
The multi-asperity contact theory based on the Mindlin solution relates interface
roughness, material properties, and preload to the contact interface Jenkins element
parameters of the discrete Maxwell slip model and continuous Iwan model
distribution function. The rough surface properties are obtained from the measured
roughness profile of two contacting surfaces. The main advantage of the proposed
analytical Maxwell slip model is there is no need to update or identify any parameter
using experimental test data. In achieving a rough interface discrete Maxwell slip
model, the interface contacting asperities are grouped based on their heights, called a
height-region element group of the contact interface model. Each height-region
asperities' contact area is divided into annular areas; the number of annular areas
determines sliding motion states. Using the classical Mindlin solution, a Jenkins
element is assigned to each specified annular area using the Hertzian normal pressure
distribution function of the contact area and contribution to the tangential contact
stiffness. The lwan and Maxwell slip model's resultant hysteresis curves are
compared with the analytical multi-asperity contact model to verify the proposed
contact model procedure's accuracy. Model predictions of the proposed procedure are
also validated against measured frictional contact behavior, resulting in good
agreements with experimental observations.

© 2023 Iranian Society of Acoustics and Vibration, All rights reserved.

Nomenclature

R radius of spherical asperity

a radius of asperities contact area A
P radius of stick area of contacting asperities ~ d(z2)
'

penetration depth of contacting asperities

N number of heights-region elements

n combined areal density of asperities
nominal contact area of the rough interface
probability distribution function of asperity
heights

F total normal force of rough interface
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o combined standard deviations of asperity Q total tangential force of rough interface in the
heights of the rough interface ! virgin loading phase
height of asperities k‘r tangential stiffness of two contacting asperities
y distance between two flat rough surfaces K, initial total tangential interface stiffness of the
rough interface
f Hertzian normal force of two contacted k tangential stiffness of Jenkins element in asperity
v asperities oM scale
f tangential friction force of two contacted ) slippage force limit of Jenkins element in asperity
i asperities o scale
H constant friction coefficient K tangential stiffness of equivalent Jenkins element
“M™ " of rough interface
X tangential relative motion ¢ slippage force limit of equivalent Jenkins element
ohm  of rough interface
7 slippage heights limit of asperities in the p(¢@) slippage distribution function of the lwan model
' virgin loading phase
7 height of the highest asperity X, slippage displacement limit of rough interface
max
& relative approach of rough interface Rq root mean square of roughness

E,G Young's modulus and shear moduli of

; . R i
contacting surface materials Pe peak count of measured surface profile
v Poisson's ratios of contacting surface . .
materials R, mean value of profile elements width
S,H  shear strength and hardness (MPa) Ry skewness of measured roughness profile
M number of annuli Ry,  kurtosis of the measured roughness profile

1. Introduction

Frictional interfaces in structural joints are among the most significant energy dissipation
mechanisms that severely affect structures' dynamic behavior. These effects are due to abrupt
stiffness and damping changes in the interface's normal and tangential directions. Frictional
contact interface modeling is crucial for accurate prediction and controlling structural behavior.
Two main approaches in modeling a frictional contact are phenomenological modeling based on
matching experimental observations and physical-based modeling derived from fundamental
physical principles.

In phenomenological modeling, the contact model parameters are identified by matching
experimental observations of the system, and its parameters may have no physical meaning. Many
phenomenological models exist in frictional contact, such as lwan and Maxwell slip models [1-3].
The lwan model defines contact interface restoring forces in a continuous form, while the Maxwell
slip model is a discrete representation. The lwan model defines contact interface restoring forces
using an infinite number of Jenkins elements with identical stiffness and continuous distribution
of critical slippage forces [4-6], which lwan developed. Segalman later applied it to frictional
interactions [1]. The various distribution functions are proposed for the critical slippage friction
force of the Iwan model [5]. The Maxwell slip model consists of a finite number of parallel series
of Jenkins elements. It provides a discrete representation of the contact interface behavior
characterized by its Jenkins element's stiffness and critical slippage force [7]. The
phenomenological discrete Maxwell slip and continuous Iwan model parameters are identified
using experimental test data [8]. The development of methods to accurately identify Maxwell slip
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model parameters and the slippage distribution function of the lwan model is a challenge in
practice addressed by many research studies [9-16]. Due to the widespread application of the lwan
and Maxwell slip models, this study is interested in extracting equivalent Maxwell slip model
parameters and the Iwan model's slippage distribution function of two contacting rough surfaces
analytically. This is done using a physical-based contact model instead of identifying them using
measured test data. The physical-based multi-asperity contact model defines the interactions
between contacted asperities. Its parameters depend on contacting surfaces' roughness and material
properties, first presented by Greenwood [17, 18], which can be used to model the dissipated
energy of contacting surfaces in vibrated structures [19].

The present study relates the phenomenological friction models to the physical-based model,
which proposes an analytical procedure to determine the discrete Maxwell slip model of
frictionally rough interfaces. A slippage friction force and a linear spring uniquely define each
Jenkins element in the Maxwell slip model. Alternatively, a constant preload and a friction
coefficient may determine the slippage friction force. The relations between stiffness and sliding
force of each Jenkins element in the Maxwell slip model are obtained using multi-asperity contact
theory. The modeling starts with forming the asperity heights-regions, which groups asperities
with similar heights, i.e., the asperity heights' distribution function is divided into segments. An
annulus element represents a height region, which defines the state of motion in regions with
similar heights. The annulus elements represent the states of motion in each height region's contact
area of asperities and their associated stiffness. Finally, the extracted formulations on the asperity
scale are extended to the rough interface scale, using statistical summation to establish Jenkins
elements of the equivalent Maxwell slip model. Using the proposed Maxwell slip model, the
frictionally hysteresis behavior of the rough interface can be easily simulated by the finite number
of Jenkins elements. The resultant hysteresis curves of the proposed Maxwell slip model are
obtained using the determined continuous Iwan model.

The content of the current work is presented in six sections. Section 2 introduces the multi-asperity
contact theory's governing equations. The elastic rough interface's equivalent Maxwell slip contact
model is obtained analytically using the rough surface measured geometry in Section 3. This
section compares the resultant hysteresis friction curves obtained by the introduced Maxwell slip
model with the resultant curves' analytical rough interface model. It is shown that there is an
excellent agreement between the analytical model and the proposed Maxwell slip model. In
Section 4, the continuous Iwan model of an elastic frictional rough interface is derived using the
multi-asperity contact theory. The simulation results of the proposed modeling procedure of
frictionally interface, i.e., the discrete Maxwell slip and continuous lwan model's analytical
determination, are presented and compared with the experimental observations in Section 5.
Finally, Section 6 draws some conclusions.

2. Multi-asperity contact theory

Greenwood [18] presented the rough surface model and defined the relation between normal
contact force and penetration depth of nominally flat surfaces formulated using surface parameters.
Traditional roughness measurement methods obtain the multi-asperity contact model parameters;
therefore, predictions of resultant contact models depend on measuring surface roughness
parameters. A unique property can be defined by measuring a rough surface profile. That is,
whether a surface is repeatedly magnified, increasing roughness details are observed at all
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magnifications, where the nanoscale roughness is observed besides the microscale roughness. The
roughness of the surface has different heights, gradients, and peak radii, called asperities [17, 18].
The measured profile consists of asperities on asperities as a nanoscale on the microscale [20].
Greenwood explained that a single asperity in the multi-asperity contact theory is based on
different scales of asperities [21]. Two common scenarios in the multi-asperity contact theory
statistical method, i.e., two rough surfaces (TRS) and single rough surface (SRS) models, are
visualized in Fig. 1. Both contacting surfaces are rough in the TRS model, and the oblique contact
effect of asperities is considered. In the SRS model, the contact of asperities is assumed summit to
summit. The oblique contact effect in the low contact angle of asperities is considered in an SRS
model by performing some modifications [22]. In the SRS model, the contact interface is simulated
by a smooth, flat, rigid surface and a combined elastic rough surface. This study uses the SRS
model considering the oblique contact effect on the constant friction coefficient [22].
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Fig. 1: Rough interface models in multi-asperity contact theory: (a) summit-to-summit contacting asperities and its
equivalent SRS model, (b) oblique contact of asperities in TRS model.

In estimating shear contact between rough surfaces, the interface's state of motion is divided into
pre-slip (or partial slip) and macro-slip states. Some asperities stick together in the pre-slip state,
while the contact in other asperities is in the macro-slip state. On the other hand, in the sliding
mode between two rough surfaces, all asperities slip. Similarly, in the asperity scale, the motion
state of the whole rough interface is divided into a pre-slip and macro-slip state. In the pre-slip
state, parts or whole contact areas are in stiction. In the macro-slip state, the entire contact area of
asperities slips [23].

This section introduces the SRS model's governing equations, assuming the asperities summit are
spherical, having the same radius, and a known height distribution function. It should be noted that
the variation of summit curvature (radius) relative to asperity heights is smooth and slow [24].
Therefore, for a wide range of asperity heights, an average value can be attributed to the radius of
curvature of asperities. Also, the constant normal preload is distributed uniformly on the rough
interface, and the deformation of all asperities remains in the elastic range, where the deformation
behavior follows Hertzian theory. The normal contact force (normal pressure) is assumed to be
low and does not cause plastic deformation in asperities. Also, the assumption of elastic behavior
of contacting surfaces is based on actual behavior in structures; after initial plastic deformations,
vibrations of rough interfaces occur in an elastic state. Therefore, to accurately simulate the rough
interface frictional behaviors in vibrating applications, the surface roughness profiles are measured
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after the interfaces are exposed to vibrational loadings [18]. First, the tangential stiffness
formulation of two contacting spherical asperities is derived from the stick area's radius. The SRS
multi-asperity contact model defines the friction contact force-displacement and interface stiffness
relations.

2.1. Contact theory of two spherical elastic particles

In this section, the force-displacement relations of two contacted asperities are introduced. The
Hertzian theory and the classical Mindlin law are applied for normal and tangential directions,
respectively [23]. As shown in Fig. 2, the contact between two spherical asperities can be
simplified to a rigid plane's contact. The elastic spherical body has combined equivalent
parameters of two contacting asperities. The tangential stiffness formulation, which is a function
of the circular stick area’s radius, is introduced in this section.

The normal force between two asperities with a penetration depth of w is defined using the Hertz
relation as [18],

f oKW, K:%Eﬁ, )

/' Sliding Direction
el X'
X ‘ /.

Fig. 2: Two contacting spherical particles and their equivalent contact model (reduced model).

where:
E=(C-—v)E+@-v)E™), R=R +R Y™ %)
The symbols R,, R, denote the radius of upper and lower asperity summits. The Young moduli

and the Poisson's ratio of the asperities are designated by E,, E, and v,, v,, respectively.
Subscripts u and | denote the upper and lower surfaces. The radius of the contact area a equals,

a=(Rw)"% 3)
The distribution of normal pressure in the circular contact area is [23],
12
r? 3f
p(r) =p, (1—¥]  Po=o 7 )

The states of motion of the two contacted asperities may be pre-slip or macro-slip. In the pre-slip
state, the middle part of the circular contact area is in stiction, while in the macro-slip state, the
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stick area of asperities disappears [23]. Fig. 3 shows the distribution of normal pressure and
tangential traction on the stick and the contact area.

The pre-slip motion of preloaded two contacted spherical bodies was worked out first by Cattaneo
[25] and independently by Mindlin [26]. The classical Mindlin formulation of tangential friction
force in the virgin loading phase at pre-slip is [23],

Slip Region

Fig. 3: Normal-pressure and tangential stress distribution of contact area and stick region in the contact of an elastic
spherical asperity and a rigid plane.

— 3/2
f.(X)=puf, [1[1166‘6 xj J pre-slipstate,
3uf,

faip =11, macro-slip state.

(®)

In Equation (5), the parameter x denotes the relative tangential motion or elastic deformation and
G is combined shear moduli, i.e.:

G=(@-n)6 +(-v,)6,%) . ®)

Shear moduli of the two contacting asperities are designated by G,, G, and x denote the friction

coefficient. Various friction coefficient types in asperity scales, such as constant friction
coefficient and asperity penetration depth-dependent friction coefficient, are proposed in the
literature [19]. Additionally, considering the lateral contact effect of the friction coefficient, a
corrected constant friction coefficient is given as [22]:

/JZS/H+O.1, (7
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where parameters Sand H, are respectively, shear strength and hardness of softer material, and
the value of 0.1 is an equivalent mean value of asperities’ contact angles [22]. The constant friction
coefficient of Equation (7) is applied in Equation (5). In the following, it is assumed that two
asperities are of similar material properties and identical summit radius, i.e.:

R|=Ru=R, VI=V,=V. (8)
E,=E,=E, G =G,=C.
when two asperities are of similar material properties, one may write:
Lz, G=—C | E=26(1+). ©
2(1-v7) 2(2—-v)

Using Equation (5), the maximum tangential elastic deformation or maximum pre-slip
displacement limit of two contacting asperities is determined by equating the stick and slip forces
(f. (%) = fg), leading to:

E-=

o suf, (10)
16 Ga

The maximum pre-slip displacement limit in Equation (10) is:

X AW, (11)

slip —

2-v (12)
A= .
”(2—@)

By substitution of Equation (11) into Equation (5), the tangential force-displacement relation of
two contacting spherical particles is obtained,

3/2
£ ()= uf, {1—(1—ij ] 13
AW

The tangential displacement relation in the pre-slip state of two contacted spherical particles as a
function of the radius of the stick region area is [23],

where:

_ 3,Llfu _ﬂW (14)

2 2
X=a (@°-p?), a=—t =",
@ =¢7) 16Ga® a?

The stick area's radius approaches zero while the two contacting spherical asperities are at the
macro-slip state. By substitution Equation (14) into Equation (13), the tangential friction force of
two contacting asperities can be rewritten as a function of stick region radius [23],

3

The tangential stiffness of two contacted asperities is defined as,
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(=2 (10
OX
which leads to:
3 1/2 (17)
K. (x) = £ K w? (1—ij .
24 AW

Alternatively, the tangential stiffness of two contacting asperities as a function of stick region
radius is as follows:

k,(p)=—aff(p ) (ﬁj . 18)

op op

By substitution Equations (15) and (14) into Equation (18), a simple expression for the tangential
contact stiffness is obtained [27],

k.(p)=8Gp. (29)

Considering Equation (19), the initial tangential stiffness of two spherical asperities at the
beginning of elastic deformation, i.e. p =a, is equal to:

k,=8Ga. (20)

The governing formulations of two contacting rough surfaces are introduced in the following
section, assuming a constant friction coefficient.

2.2. Rough interface contact theory

This section introduces the rough interface contact model based on friction force displacement of
two contacting asperities of Equation (13). In this correlation, the normal preloaded elastic
asperities and constant friction coefficient model are integrated into the Cattaneo—Mindlin partial
slip solution [19], known as the multi-asperity contact theory. In contacting two nominally flat
rough surfaces, the contact occurs between asperities, and a distance between the reference planes
is defined by the mean value of both surfaces' asperity heights. The assumption of parallelism of
reference planes allows the rough interface to be equivalently represented as contact between a
smooth, rigid, flat surface and a rough surface with combined roughness called a single rough
surface model, as shown in Fig. 4 [18, 19].
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Fig. 4: Distribution of asperity heights of equivalent single rough surface contact model.

The SRS model's governing equation is introduced by the pre-determined distribution function of
asperity heights and considering Hertzian and Mindlin's tangential force-displacement law.
Asperity heights' distribution function is determined using roughness parameters such as kurtosis
and skewness [28]. Various asperity heights' distribution functions are introduced in the literature;
a Gaussian probability distribution function of combined roughness is defined as [17],

1

2o

The parameters z and o are the sum of asperity heights and combined standard deviations of
asperity heights of two contacting rough surfaces, respectively. Alternatively, the exponential
probability distribution function of the interface is defined as [29]:

(1)

O(2) = Exp[—%(é)z], (z=2,+7, 0’=0,+05/).

D(2) = g Exp[-B é]. (22)

In Equation (22), a and B constant parameters are determined by the measured roughness profile.
The asperity height distribution function is also defined following Demkin's power-law exponent
as a function of the relative approach of contacting surfaces [30]. The combined rough surface
parameters are calculated as functions of two contacting surfaces' roughness profiles [31]. The
distance between two flat surfaces is denoted by y, and the penetration depth of each contacted

asperities is as follows:
W=z-y. (23)

The critical interference, w, which defines the inception of elastic-plastic contact, is given by [32]:
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2
A :(ﬂJ R, Q=0454+041y. @4
2E

When the normal interference w < w,, the contact is deemed purely elastically deformed. The
normal contact force is assumed to be low, where the deformation of mostly asperities is lower
than w,. The total number of asperities in the contact interface is N, = nA, where n is the density
of asperities distributed over the nominal contact area A. The number of contacting asperities is
then determined as follows:

Z

n, = nAJym“ ®(z)dz. (25)

The parameter Z_ defines the upper bound of asperity heights. When using the Gaussian
distribution function, it is assumed Z,, =3o to include almost all the contacted asperities. The
normal force between two contacting surfaces F, is then obtained as [18]:

F,(Y) =77Armax f ®(z) dz. (26)
y
By substituting Equation (1) into Equation (26), the normal contact force is obtained as:
F,(y) = KnA[ ™ (2-y)™ () dz. @7
y

On the other hand, the tangential friction force of two contacting rough surfaces in the virgin
loading phase is [19],

Q=A™ 1y, @@ dz40A [ 1,00 D)z @9

The variable Z, denotes the boundary of asperity heights for the slip and stick state of the elastic

region and is determined by equating the slip and stick forces (f.| = fs”p), ie.,

7=y

X
7 (X)=V+—. (29)
Z(X)=y+ 7

Also, the tangential stiffness of the rough interface is obtained using Equations (28) and (16):

Kixy) = Y a1k (0@ )
OX Z(x)

Substitution Equation (17) into Equation (30) determines the tangential stiffness of contacting
surfaces at the beginning of the initial loading (x = 0).

iy B e
Kr =Ky, =5 KA ™ (2-y)” o@)dz @

74



H. Jamshidi et al. / Journal of Theoretical and Applied Vibration and Acoustics 9(2) 66-102 (2023)

Equation (31) defines the initial interface stiffness in the elastic contact region. Using the virgin
loading phase of tangential force as a function of displacement denoted by Q,(x), the tangential

friction force in the unloading and reloading phase is determined using the Masing rule [33],

Q(X) Reloding — _Qo + 2Qv (X _;Xo j
(32)
X, — x].

Q(X)Unloading = QO - 2Qv [

The parameters Q, and X, are the amplitude of exciting force and the amplitude of tangential
motion, respectively.

3. Determination of Maxwell slip model parameters

This section introduces the contacting rough interface equivalent to the Maxwell slip model, i.e.,
a parallel series of Jenkins elements. In other words, the SRS asperity scale model is converted to
a Maxwell slip model. The Maxwell slip model for representing hysteresis behavior consists of a
parallel connection of L massless elastoplastic elements known as Jenkins elements subject to a
unified input velocity [34], as shown in Fig. 5.

@, K, O.(x). x

Fig. 5: Maxwell slip model.

A Jenkins element is characterized by its particular stiffness K, and slippage friction force ¢.. Each

element is assumed to be massless. During loading or relative motion, the element remains in the
stick state until the spring deflection force exceeds the slippage force upon which the element
begins to slide. In the slip state, the deflection force of the Jenkins element remains constant until
the motion changes direction. The restoring force of a single Jenkins element in the virgin loading
phase is:

CJKix o<, (33)
%) _{ ¢ else.

The superposition of elements restoring forces produces the total friction force:
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Q,00=Y00) @)

The total tangential friction force in the unloading and reloading phase is determined using the
virgin loading phase by applying the Masing rule of Equation (32). The smoothness of the friction
force transition after each motion reversal depends on the number of elements employed in the
Maxwell slip model. The Maxwell slip model becomes more accurate as more Jenkins elements

are used. The parameters of the Maxwell slip model (K, and ¢) can be identified from

experimental test data. In the following, an analytical method to determine the Maxwell slip model
parameters is presented by matching the restoring forces of the contact determined by rough
interface contact theory. A discrete model of the contact interface is formed by dividing the contact
interface into N regions of similar height asperities to achieve this goal. The mean value of the
contact area associated with each N height region is obtained. Based on the state of motion, the
areas of each height region of contacting asperities are divided into M annulus elements, where
each annulus element denotes a step of sliding motion. The slippage friction forces of annulus
elements are obtained using a constant friction coefficient and a preload of each element based on
the Hertzian distribution of normal pressure of Equation (4).

Moreover, each annulus element's stiffness at the asperity scale is obtained based on the Mindlin
solution of Equation (19). Finally, the extracted relations on the asperity scale are developed using
statistical summation for height regions and the whole rough interface. The slippage friction force
and stiffness of each Jenkins element in the Maxwell slip model are determined using material
properties and roughness parameters of contacting surfaces. The proposed procedure leads to the
analytical development of a frictionally rough interface model. The following verifies the accuracy
of the developed Maxwell model's predictions using the proposed process of contact modeling
against the analytical multi-asperity contact model introduced in Section 2. Also, it investigates
the effect of the selected number of similar height-region N and M annulus elements on the quality
and accuracy of predicted hysteresis friction curves.

3.1. Equivalent Maxwell slip model on asperity scale

In the asperity scale, the contact is represented using a parallel series of Jenkins elements by
dividing the contact area into annuluses, as a sample denoted by width A p,, in Fig. 6, where index

m is the annulus counter.

76



H. Jamshidi et al. / Journal of Theoretical and Applied Vibration and Acoustics 9(2) 66-102 (2023)

/
I v— 0
:
---------- — b k.
” <2 =2 ~ L ¢._". '4-" I
’ Stick e v—‘m* r
Ship Stip [ e
>
— T
¢ Keow
,—-')mx—[l

Fig. 6: Equivalent Maxwell slip model of a reduced model of two contacting asperities.

The normal pressure distribution, tangential force-displacement, contact deformation, and radius
of the stick region of the mean contact area established in Section 2 determine each Jenkins
element's stiffness and slippage friction force. As shown in Fig. 3 and Fig. 6, during the tangential
relative motion of two contacted asperities, the state motion of the circular contact area is changed
from stiction to macro-slip state. In the initial loading, the stick region's radius is equal to the radius
of the contact area, i.e., the entire area is in the stick state ( p = a). Also, during relative motion,

the x value varies from zero to X, i.e,, (x:0— Xy, ), and the radius of the stick region

approaches zero, i.e. (o — 0). Equation (19) established that contacting asperities' tangential

stiffness is proportional to the stick region's radius. Therefore, the tangential stiffness softening is
proportional to the stick region radius reduction during the tangential motion in constant normal

load conditions. According to Equations (19) and (20), the tangential stiffness softens from k_, to
zero. In general, the variation of tangential stiffness between p,and p+ Ap, is determined as:

slip

Ak, (p— p+Ap)=8G Ap. (35)

The region of the contacting area is divided into arbitrary M annulus elements located between
the radius.

- T
p={r}, ={h 6 .t . ny b, (K=0r1,=a) (36)
Then, the tangential stiffness of the annulus elements, shown in Fig. 6, are as follows:
K. n=AK, o 8GAr, Ar.=r -r ., m=12.. M. (37)

Also, the equivalent normal force of each annulus element, considering pressure distribution
defined in Equation (4), is:
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fon= 2njrrm p(r)rdr.

Considering Equation (38), the slippage friction force or the critical strength of each Jenkins
element is:

(38)

¢r,m =H fu,m’ m :l’ 2""’ M. (39)

By employing Equations (39) and (37), the equivalent parallel series of Jenkins elements of two
contacted asperities is developed. In a numerical example, the resultant hysteresis friction force
obtained by the proposed equivalent Maxwell slip model of two contacting asperities is determined
for stick and macro-slip states. The normalized hysteresis friction forces are compared with
Mindlin's solution of Equation (13) in virgin loading and unloading/reloading phases generated by
the Masing rule of Equations (32). The results are shown in Fig. 7 to Fig. 9 for different
combinations of annulus elements. The resultant hysteresis friction curves in stick and macro-slip
state, produced using M=3, M=7, and M=15 Jenkins elements, are shown respectively in Fig. 7,
Fig. 8, and Fig. 9, where the x and y-axes are normalized to slippage displacement limit and
slippage friction force, respectively.

 M=3 M=
10} - 1.0} ——
F7/ Py
;77 7/,
s
0.5t /// . - 05k ,/ 4 {
s 7/ /
/.f ;L £
= sl = / /
00 // ' /’ w2 00 ’./ /
~ 7 / e /4 4
4 i
05 4 4""4-" o //
. // // -0.5} / y
/- :.Jx’ pe
-1 0pa= 1ol -7
-1.0 -05 0.0 0.5 40 -0 00 05 10
XX iy W X sy
(a) (b)

Fig. 7: Normalized hysteresis curves determined by equivalent Maxwell slip model of two contacted asperities
(solid line) and analytical model (dashed line): (a) pre-slip state, (b) macro-slip state.
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Fig. 8: Normalized hysteresis curves determined by equivalent Maxwell slip model of two contacted asperities
(solid line) and analytical model (dashed line): (a) pre-slip state, (b) macro-slip state.
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Fig. 9: Normalized hysteresis curves determined by equivalent Maxwell slip model of two contacted asperities
(solid line) and analytical model (dashed line): (a) stick state, (b) macro-slip state.

The results show that the determined equivalent Maxwell slip model with enough finite number
of Jenkins elements accurately simulates two contacting asperities' frictional hysteresis behavior.
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Therefore, a reliable, discrete model of the rough interface based on the defined Maxwell slip
model on the asperity scale is established.

3.2.Equivalent Maxwell slip model of the rough interface

This section develops an equivalent parallel series of Jenkins elements of two contacting rough
surfaces, as represented in Fig. 10. The equivalent Maxwell slip model parameters of the whole
rough interface, especially the stiffness and slippage friction force of Jenkins elements, are
obtained using the interface material properties and roughness parameters.

Q l Flat Surface
b - sl
/ “Rr
R e e e e L e v
| Combined Rough Surface
0
R 1

Fig. 10: SRS model and its equivalent Maxwell slip model.

The roughness parameters include asperity height standard deviations o, the mean value of the
asperity summit radius R, and the areal asperity density 7. As shown in Fig. 11, the distribution
of contacted asperity heights is divided into desired height regions,

Z={z,}, =12, 2 . 7, . Zyy 7y}, (=Y, 2y =Z,). (40)

Using the mean value of the contact area radius of two contacted asperities of each region and
employing the proposed strategy in Section 3.1, the annulus elements and the parameters of
Jenkins elements of each height region are determined.

The number of asperities involves between heights z, ,,and Z, are,

Na,n = NaJ‘Zn ®(z)dz, n=12,..,N. (41)

Also, the normal contact force of asperities in the range of Z, , and Z, is,
() =KnA[" 2-y) ©(2) dz, n=12,..N, “2)

and the interface total preload is the sum of these asperities’ normal contact forces,
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Fig. 11: Asperity height distribution function and annulus and height-region elements.
Considering Equations (3) and (23), the radius of the contact area of two contacting asperities is,
a(z) =R (z-y)"2. (44)
The mean value of the radius of the contact area in the region located between z, ., and z,, is
obtained as follows:

[ a(@) o(@)dz
a = It , h=12,..N. (45)

j ®(2)dz

By substitution Equation (41) into Equation (45), the radius of the contact area within each region
IS rewritten as:

Na
N

a,n

a,=

\/EJ':" (z-y)? ®(z)dz, n=12,..,N, (46)

For N=1, the mean value of the contact area radius of all contacting asperities is obtained as:

a= %ﬁ [ y (z-y)*2 O(z)dz. (47)
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Therefore, using Equations (4), (42), and (46), the normal pressure distribution on the mean contact
radius a, is,

1/2
r’ 3F,, (48)
Pn(r)=P0[1—a—n2J , P°:27zan2’ n=12...N.

The annulus elements associated with the mean contact area radius are developed in the next step.
Similar to Equation (38) and considering Equation (48), the equivalent normal force of each
annulus element is assigned as:

Foun=27[" P(r) rdr, n=12..,N, m=12,..,M. (49)
The bounds of the integral are similar to Equation (36), defined by discretizing the contact interface
to M elements,
p={r}, ={b 0 - N .« Ty W} (L=0,r,=2a). (50)

Finally, considering Equation (49), similar to Equation (39), the slippage friction force of each
Jenkins element is obtained,

¢r,n,m =H I:u,n,m’ n :1'2""' N’ m :1'2""’ M (51)
The following obtain the stiffness formulation of each Jenkin element. Using Equation (19), the
total tangential stiffness of asperities within the range of z,,, and Z,, is defined as,
Kalo)=nA[" K, (p)®(2)dz, n=12,..N, (52)
or simply as, B
K,.(p)=8N, Gp, n=12,.,N. (53)
The initial tangential stiffness of contacting asperities within the range of z, ; and Z,is obtained

from Equation (20),

Ko, =8Ga,.

z, (54)
anznAj a(z) ®(z)dz, n=12,..,N.

The tangential stiffness of contacting asperities at each region and its initial value may be
simplified using Equations (41), (45), and (54) as,

Koo =8GN,,a,, (55)

K (p)=K,, 2, n=12,..N. (56)
’ T a

n

Similar to Equation (37), the tangential stiffness of each annulus element AT, . is calculated as,
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Ar
K. =K,—" Ar _=r —r . n=12..N, m=12..M. &7
- ,

n
Therefore, applying Equations (51) and (57), the rough interface contact can be converted to a
parallel series of Jenkins elements, with M annulus elements at N height regions. As shown in Fig.
12, the total number of discrete elements isequaltoL=NxM .

[ K. 9.2, K.s) - K v
m=1 00 v v— T
0., K. #. >, K..: @ Koo 0
m=2 g v— 0 ) v— n+—
1 K. i -~ K-an [N ”}":,.\“\z
m=M w00 )
n=1 n=2 n=N

Fig. 12: A presentation of equivalent Maxwell slip model of rough interfaces.

The following numerical example demonstrates the resultant hysteresis friction curves determined
using rough interfaces' equivalent Maxwell slip model. The results are obtained for stick and
macro-slip states using the parameters of Table 1 and considering a preload of 100N.

Table 1: The rough interface contact parameters (i = u,1).

Parameter: O, R, n; A
Value: lum 200um 250 mm™ 5cm?
Parameter: E v H

Value: 200Mpa 0.3 0.45

The hysteresis curves are shown in Fig. 13 to Fig. 15 for different numbers of Jenkins elements.
Various M and N combinations are compared with the analytical multi-asperity contact model
introduced in Section 2.2. Fig. 13 and Fig. 14 indicate the discrete model results converge to those
of the continuous model with a small number of M and an increasing number of N. Also, Fig. 15
shows that increasing M improves the model predictions.
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Fig. 13: Comparison of resultant hysteresis curves of the equivalent Maxwell slip model (solid line) and analytical

rough interface model (dashed line): (a) stick state, (b) macro-slip state.
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Fig. 14: Comparison of resultant hysteresis curves of the equivalent Maxwell slip model (solid line) and analytical
rough interface model (dashed line): (a) stick state, (b) macro-slip state.
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Fig. 15: Comparison of resultant hysteresis curves of the equivalent Maxwell slip model (solid line) and analytical
rough interface model (dashed line): (a) stick state, (b) macro-slip state.

Fig. 15 shows that, for a large number of M and N, the determined equivalent Maxwell slip model
is in perfect agreement with the multi-asperity contact model. The equivalent Maxwell slip model
of the considered rough interface is formed by L=21 Jenkins elements using two discrete models.
The first model assumes N=7, M=3; the second adopts N=3, M=7. As shown in Fig. 16(a), the
resultant hysteresis friction forces are almost equal. One may infer that as the numbers M and N
are greater than a specific value that includes all possible states of the contact surface, the discrete
model produces acceptable models. The equivalent Maxwell slip model of the rough interface is
also produced by L=30 Jenkins elements, using two combinations (N=1, M=30) and (N=3, M=10).
As shown in Fig. 16(b), the reduction of the N value (i.e., N<3) removes the possibility of
representing all the states of interface movements. This causes a significant error in the hysteresis
friction curves.

Considering the results presented in Fig. 13 to Fig. 16, the number of Jenkins elements affects the
smoothness and accuracy of hysteresis friction curves; in the first case, with 21 Jenkins elements,
a good agreement with the reference data is observed (see Fig. 14). When 49 Jenkins elements are
considered, the hysteresis friction curves are more accurate, as shown in Fig. 15. Therefore, for
the contact surface described in Table 1, N's value must be equal to or greater than 3 (N = 3), and
the number of Jenkins elements must fall within the range 20 < L < 50 for a reasonable hysteresis
friction force (maximum 1% deviation in the hysteresis loop area),

So far, the equivalent parallel system of Jenkins elements of rough frictional interfaces is
presented. The parameters of Jenkins elements, such as stiffness and critical slippage forces, are
determined as functions of material properties and rough surface parameters, i.e.:
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Fig. 16: Comparison of resultant hysteresis curves of analytical rough interface model (short dashed line) and
equivalent Maxwell slip model by:

(@) 21 Jenkins elements N=7, M=3 (solid line), N=3, M=7 (long dashed line), (b) 30 Jenkins elements N=3, M=10
(solid line), N=1, M=30 (long dashed line).

¢r,n,m = fl(E,V,O',n' R)
K.nm = L(E,v,om,R).

(58)

The resultant hysteresis curves show that the proposed Maxwell slip model perfectly agrees with
the analytical multi-asperity theory. The summary of the determination process of the equivalent
Maxwell slip model of an elastic frictional rough interface is given in Appendix A.

4. Continuous Iwan model of the rough interface

This section compares the proposed Maxwell slip model's performance in simulating the friction
behavior of the rough interface against the continuous Iwan model. The continuous Iwan model
comprises infinite Jenkins elements and is characterized by the slippage force (critical strength)
distribution function. In the continuous lwan model, the stiffness of all Jenkins elements is
identical, and the total tangential friction force is calculated using the slippage distribution function
p(# as [1]:

(59)

kx o
Q) =[ #p(@)dg+kx | p(¢)dg.
The variables ¢ and k denote the slippage force and stiffness value of the Jenkins elements,

respectively. The continuous Iwan model can be extracted from the SRS model of multi-asperity
contact theory [35]. Argatov and Butcher [30] determined the Iwan model as a function of the
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relative approach of contacting surfaces. Using the contact shear force defined in Equation (28),
the distribution function of slippage force in the continuous lwan model can be expressed as [1]:

i 1 6°Q,
BH=-13=% ()

d=kx

The parameter k can be removed from Equation (60) through the following changes of variable

[5]:
p=ko, plp)=Kk" (o). (61)
The maximum slippage force of Jenkins elements of the continuous Iwan model is,

B = KX (62)
where X, denotes the slippage displacement limit of the rough interface. Considering Equations
(61) and (62), it can be written:

Proax = X0 (63)

By substitution of Equation (61) into Equation (60), the slippage distribution function of the
continuous lwan model is expressed as:

0°Q,(x) (64)
02X '

plp)=-

=X

By substitution of Equation (26) into Equation (64), the second derivative of tangential contact
force is obtained,

0°Q, T 02T (X) (65)
=nA = ®(z)dz
X’ Lm X’ )
The Iwan distribution function is obtained by substituting Equation (13) into Equation (65),
_ 3 oA [ w2y 7 (0)=y+2 (66)
pg) =z KnA[ = w=")" @) dz, Z(p) =+

It can be shown that the lwan distribution function of Equation (66) is in agreement with Argatov
and Butcher's proposal [30] (see Appendix B for more details). The Iwan distribution function
p(¢) can calculate the contact friction force as follows:

QM) =[ pp(p)do+x [ plp)do. (67)

It is noted that p(p) =0 for ¢ > ¢,,, . As a numerical study, the rough interface defined by Table

1 is considered, and its associated Iwan distribution function is determined. The contact hysteresis
friction curves are plotted and compared with the resultant curve obtained by the multi-asperity
contact model in Section 2. Fig. 17 shows the normalized distribution function of the slippage
friction force of the infinite number of Jenkins elements; the figure axes are normalized to the
maximum slippage force and boundary value of the slippage distribution function, respectively.
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Fig. 17: Normalized Iwan distribution function of rough interfaces.

The boundary value of the slippage distribution function at ¢ =0, denoted by @, , is determined
using Equation (66) as,

3 T _
p(@)], o =D D =4—52K77A]y (z-y)™*.d(2)dz. (68)
The obtained Iwan distribution function precisely simulates the frictional behavior of rough
interfaces, as shown in Fig. 18.

According to Fig. 15 and Fig. 18, it can be concluded that the resultant hysteresis friction curves
by the Maxwell slip model with an appropriate number of Jenkins elements (L=49) and the
continuous lwan model are identical, i.e., their performance is the same, and these models can be
used interchangeably.

5. Experimental case study

In this section, two test setups and experimental observations are employed to verify the proposed
discrete Maxwell slip and the continuous lwan models. In the first setup, the frictional contact of
two aluminum blocks is under uniform preload, while the second setup is composed of a beam
with frictional support [15, 36, 37]
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Fig. 18: Hysteresis curves of the obtained Iwan distribution function (solid line) and rough interface model (dashed
line): (a) stick state, (b) macro-slip state.

5.1. The frictional contact of two aluminum blocks

As shown in Fig. 19 and Fig. 20, the test setup consists of two aluminum mass blocks with
frictional contact. The upper block was attached to a linear spring and slipped on the lower
aluminum mass block surface [38, 39]. The contacting surfaces are carefully machined to achieve
a uniform roughness, as specified in Table 2.

Table 2: Surface roughness parameters of aluminum block and material properties.

Parameter: O, R, m, A

Value: 0.85um  170um 210x107° um™ 100cm?
Parameter: E % S/H

Value: 70 Mpa 0.3 0.16

The contact preload was equal to the weight of the upper block of mass 2 Kg. A suspended B&K
mini shaker, Type 4810, excites the mass block. A B&K 8200 force transducer between the shaker
and the metal block measures the in situ force in the excitation direction throughout the
experiments. A DJB A/120/V accelerometer measures the movement of the upper block, and an
NI DAQ USB-4431dynamic signal acquisition device is used to condition the measured data.

89



H. Jamshidi et al. / Journal of Theoretical and Applied Vibration and Acoustics 9(2) 66-102 (2023)

PSR EL T Y

Spring Accelerometer Flexible Rope
\ / Force Transducer

Suspended
Mini Shaker

Stinger
Moving Block Mass 2

™ Fixed Surface

Groundede Block Mass d
~ Rough Interface

AN NN
Fig. 19: Schematic of the test setup.

Fig. 20: Experimental test setup of the rough interface.

The measured response of the test setup to a simple harmonic excitation of 65 Hz is shown in Fig.
21. The contact friction force Q(x)was obtained by subtracting the spring force and inertia force

of the mass block from the excitation force as:
Q(X) = I:excite —MX - KSX' (69)

In Equation (69), M refers to the upper block mass, and the spring stiffness Ks is known. The
resultant hysteresis loops of the test setup excited with a simple harmonic force at the frequency
of 65 Hz are shown in Fig. 22. As mentioned in Section 2, the rough contacting surfaces are not
completely elastic at first. Some roughness undergoes initial plastic deformation due to the
vibrational load of interface and sliding, and after initial vibrational loading, the rough surface will
be completely stable. Based on this, the initial measurement data and the obtained hysteresis loop
are not smooth, but they become smooth during sliding due to vibration. Here, the test sample was
subjected to an initial vibrational load. Then, when the measured acceleration of the samples at the
excitation frequency of the shaker reaches a stable and smooth state (after about 5 minutes of
vibrational excitation), the shaker excitation force and acceleration of the test sample are measured
and recorded as validation criteria. Therefore, as observed in Fig. 21, the shaker force and
displacement in the time domain will be smooth. Subsequently, the hysteresis curve obtained from
plotting force vs displacement of Fig. 22 will be smooth in the entire diagram, even the beginning
and end points of the hysteresis graph.
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Fig. 21: Time-domain force (dashed line) and metal block displacement (solid line): (a) Harmonic excitation
force at 65 Hz, (b) Resultant friction force.

Also, using the data of Table 2, the proposed equivalent Maxwell slip model of the contact
interface is determined. The equivalent Maxwell slip model of the rough interface is produced by
L=50 Jenkins elements, using a combination of (N=10 and M=5). Fig. 23 and Fig. 24 compare
predicted hysteresis friction force using the equivalent Maxwell slip model and experimentally
measured hysteresis friction forces.
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Fig. 22: Hysteresis loops: (a) Shaker excitation force at 65 Hz vs. shear displacement, (b) Friction force vs. shear
displacement.
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The frictional hysteresis curves of the rough interface were determined by the proposed multi-
asperity contact model of Section 2 using the roughness parameters of Table 2.

@ Friction force (V)
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Fig. 23: Hysteresis loops of the proposed Maxwell slip model (solid line) and the test () at an excitation force of
65 Hz with an amplitude of excitation: (a) 4.5N, (b) 6N.
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Fig. 24: Hysteresis loops of the proposed Maxwell slip model (solid line) and the test () at excitation amplitude of
6N: (a) 60Hz, (b) 75Hz.
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The resultant curves of Fig. 23 and Fig. 24 show that the predictions of the hysteresis loop are in
good agreement with the test setup's observed behavior. As it is clear in these figures, the
frictionally hysteresis curves are slightly affected by rate-dependent damping. The higher
amplitude of motion in Fig. 24 (a) is more affected by rate-dependent damping.

It is noted that the experimentally measured hysteresis curves could be simulated by the
continuous Iwan model as determined in Section 4, where the predicted hysteresis curves by the
Iwan model will be equal to the proposed equivalent Maxwell slip model. As shown in Fig. 25(a),
the normalized continuous Iwan model of two contacting aluminum blocks is determined using
the parameters of Table 2, and its associated hysteresis curve is plotted compared with the
experimental result in Fig. 25(b). The comparison of Fig. 23(b) and Fig. 25(b) shows that the
proposed equivalent Maxwell slip model and the determined continuous Iwan model have the same
performance in simulating the hysteresis curve.
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Fig. 25: The Iwan distribution function and its associated hysteresis loop: (a) The normalized Iwan distribution
function of two contacting aluminum blocks, (b) Hysteresis loops due to lwan function (solid line), and the test (@)
at excitation force of 65 Hz with an amplitude of excitation 6N.

5.2. Beam with frictional support

The determined continuous Iwan model and the proposed scenario to determine the Maxwell slip
model of a rough interface are validated against the experimentally measured behavior of a rough
interface. The experimental setup, shown in Fig. 26, consists of a clamped-frictionally supported
steel beam [15, 36, 37].
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Fig. 26: Frictionally supported beam test setup [36].

A suspended mass block at frictionally support provides the desired preload, as shown in Fig. 26.
A schematic of the test setup is presented in Fig. 27 to introduce the experimental setup's main
features. As shown in this figure, the contacted cylinder flattened for the contact area of the rough

interface.

Flattened Cylinder
Contact area

' Accelerometer A
: Clamped end
A ";“*»\Suspended Mass

Fig. 27: Schematic of the second test setup.

Roughness characteristics of the contact surfaces were obtained by surface roughness
measurements, as reported in Table 3. The surface roughness parameters are calculated using the

measured surface topography [40].

Table 3: Material properties and roughness parameters of the identical upper and lower surfaces.

R R R

Parameter: R R, q e .
Value: 0.1 3.2 59um  51pks/cm  300um
Parameter: E, v, A S/H

Value: 200Gpa 0.3 100mm? 0.35
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The structure's dynamic responses were measured while the contact surface was loaded with a
15kg mass block. The block provided a preload of 147 N. A single harmonic excitation was applied
to the beam with different amplitudes, resulting in 2g, 3g, 49, and 5g acceleration levels at the
excitation point, generating pre-slip and macro-slip regimes in the contact. These excitations were
designated with the resultant direct point zero-pick accelerations; the vertical force variation
produced with 15kg of the mass block is negligible at low acceleration levels. The friction force
and displacement are calculated considering the Euler-Bernoulli beam, shaker excitation force,
and acceleration response, but it is not measured directly [36]. Using the contact data in Table 3,
the normalized slippage distribution function of the continuous Iwan model is determined
according to Fig. 28, and then the hysteresis friction behavior of the rough interface is predicted.

1.0F
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pley o,

0.4

02f
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@ Proax
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Fig. 28: Normalized Iwan distribution function of frictional support.

Q, friction (N}

Q, friction (M)

x ()

(b)

Fig. 29: Resultant hysteresis loops predicted by continuous Iwan model (solid line), and the test () [37]; direct

point accelerations: (a) 2g, (b)3g.
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Fig. 29 and Fig. 30 show the hysteresis curves at pre-slip and macro-slip states, respectively. As
shown in Fig. 29 and Fig. 30, the simulated hysteresis curves by the continuous Ilwan model agree
with the test results.

€, friction (M)
&, friction (M)

Fig. 30: Resultant hysteresis loops predicted by continuous Iwan model (solid line) and the test () [37]; direct
point accelerations: (a) 4g, (b)5g.

The resultant hysteresis curves of Fig. 29 and Fig. 30 show that the proposed model can be
employed to simulate the rough interface frictional behavior using the continuous Iwan model,
which is in agreement with the test results. In these figures, the test results do not precisely match
the simulation results, which can be due to the following reasons. In the test setup, the normal
contact force is not constant, where the tip of the beam as a contact interface vibrates in the normal
direction. Hence, the normal force is not completely constant and changes slightly, which does not
align with the model assumptions. In the condition of variable normal load, the hysteresis friction
curves will be asymmetric [22]. As it is clear from Fig. 30, the measured hysteresis curves are
asymmetric and affected by the variation of normal contact load. Although the variation of normal
contact force is lower than 8%, the preload can be considered almost constant. In the first test
specimen (Fig. 20), the weight of the aluminum block mass provides the normal contact force, and
there is no excitation or vibration in the normal direction. Therefore, the normal contact force in
the first test is completely static and constant. Thus, it does not cause a mismatch in the test and
model validation. In the second test, the inertial of the suspended blocks is imported and causes a
variable normal contact force phenomenon. Because the model presented in this paper shows that
the normal force is modeled as constant and static, this phenomenon caused more discrepancies
between the results of the second test and the model concerning the first test.

On the other hand, in the first test, the resulting hysteresis curve is strongly affected by rate-
dependent damping due to the use of an almost linear spring. In contrast, in the second test, this
phenomenon is not observed clearly, and the test results are only affected by the slight structural
damping caused by the vibrating beam. In addition, the multi-asperity contact model is based on
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statistical summation. Therefore, with the larger interface area, the simulation results will be more
consistent with the test results. This is why the contact area in the second test specimen is much
smaller than the first specimen, so the mismatch between the model and the results is increased.

N=8 M=5 N=8 M=3

Q, frickion (AN}
Q. friction (N}

x ()
(a) (b)
Fig. 31: Resultant hysteresis loops predicted by Maxwell slip model (solid line), and the test (o) [37]; direct point
accelerations: (a) 2g, (b)3g.

By contact data of Table 3, the hysteresis friction curves of frictional support are determined using
L=40 Jenkins elements of the proposed Maxwell slip model (N=8, M=5) compared with test data
according to Fig. 31. The comparison of Fig. 29 and Fig. 31 shows that the Maxwell slip model
has the same results as the continuous lwan model.

6. Conclusion

This paper introduces a procedure to simulate the behavior of frictional elastic rough interfaces.
An equivalent Maxwell slip model, composed of a parallel series of Jenkins elements, is
determined analytically using contact surfaces' roughness parameters and material properties. The
Jenkins element stiffness and slippage friction force are determined using a single rough interface
contact model defined by the classical Mindlin solution and the Hertzian law of spherical asperities
contact. The Jenkins elements' characteristics are defined based on their associated heights region
of contacting asperities and the state of motion on the asperity scale. Using a few Jenkins elements,
the proposed scenario produces accurate predictions of the frictional interface hysteresis behavior.
Also, using the multi-asperity contact theory, the slippage force distribution function of the
continuous lwan model was obtained. It is shown that the Maxwell slip model's performance with
enough Jenkins elements and the continuous Iwan model is the same, and these two models can
be used interchangeably. Numerical and experimental studies show that the proposed process to
determine the rough interface's Maxwell slip model accurately simulates the frictional hysteresis
behavior of rough interfaces.
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Appendix A
The calculation process of the proposed Maxwell slip model of the rough interface is summarized
in the following steps:

Step 1: Specifying material properties E,v,A, rough surface parameters o,R,7, and friction
coefficient model u .

Step 2: Calculating the distance of the reference plane of two surfaces y, concerning normal
interface load F,, using Equation (27).

Step 3: Select the number of asperities height-region N to establish the vector Z in Equation (40)
and calculate the number of asperities involved between z,, and z,, using Equation (41). In
addition to N's value, the total number of Jenkins elements ( N x M ) affects the smoothness and
accuracy of hysteresis friction curves.

Step 4: Calculate the mean radius of the contact area for each height region, i.e., in the region
between z, , and z,, using Equation (46).

Step 5: Calculating the normal contact force for each height region of asperities within the range
of z,,,and z, using Equation (42).

Step 6: Determination of normal pressure distribution on the mean radius of the contact area a, of
Step 4 due to the normal contact force F, , of Step 5, using Equation (48).

Step 7: Calculating the initial tangential stiffness of asperities for each height region, within the
range of z,_,,and z,, using Equation (55).

Step 8: Selection of the number of asperities annulus elements M to establish the vector g,
according to Equation (50). In the particular case of identical width of annular areal elements, it
is,

Arm,nzﬁ, r.,=mAr, ., m=01..,M, n=12,..,N. (A-1)

Step 9: Calculate the equivalent normal force of each areal element using Equation (49).

Step 10: Calculate each Jenkins element of the Maxwell slip model's slippage friction force using
Equation (51).

Step 11: Calculate the stiffness of each Jenkins element of the Maxwell slip model using Equation
(57). By Considering Step 8, the Jenkins element stiffness can be obtained as:

_ Koy m=01..M, n=12,., N. (A-2)

T,n,m !

98



H. Jamshidi et al. / Journal of Theoretical and Applied Vibration and Acoustics 9(2) 66-102 (2023)

Appendix B

Alternatively, the distribution function of asperity heights can be defined by the relative approach
of contacting surfaces, such as Demkin's law [30]. In this case, the tangential friction force of two
contacting rough surfaces in the virgin loading phase of Equation (28) can be written as [30]:

Q.0 = 4F, - i, KA, (E-&2¥'()de,
E_ o L (B-1)

AT .

Where ¢ is the relative approach of contacting surfaces and W’ is derivative of asperity heights
distribution function to the relative approach [30]. By substitution of Equation (B- 1) into Equation
(64), the slippage distribution function of the lwan model is obtained as follows:

p(p) =t KA [ G- W& de,

4 27 1
o A max (B-2)
c=q| .
X=¢
The normal approach of contacting surfaces d is equal to [30]:
d= EL o (B-3)

Also, using the upper bound of asperity height and distance of contacting surfaces, the normal
approach can be written as:

d=7,-V. (B- 4)
Considering Equations (B- 3) and (B- 4), it can be written:
Y = Tpe (1= 6). (B-5)

Concerning the asperity height distribution function (), the number of contacting asperities of
the rough interface can be obtained as [30]:
0¥ (e) (B-6)

n=nA W) dg, Wie)=—

By comparison of Equation (B- 6) and Equation (25), it can be deduced,

jy D(2)dz = ¥(¢). (8-7)

Concerning Equations (B- 7) and (B- 5), the variation of the asperity heights distribution function
to the relative approach & , can be written as:

V(0)=- L 0() 7,0 0-2) ©-9)
&
or,
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LP'(g) = 7 ( max (1 g)) (B-9)
By substitution of Equation (B- 9) into Equation (B- 2) and considering variable change as:
L= Zma>< (1_ 5)1 (B- 10)
it can be written,
_¥y 2 (B-11)
po)=7 12 £ KnA j : (z-y ) () dz.

Concerning Equation (23), it is clear that Equation (B- 11) agrees with Equation (66).
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