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 In this paper, the modified Biot’s theory is revised to predict the 

acoustic performance of nanocomposite porous materials more 

accurately, based on the nonlocal elasticity theory. The governing 

equations are derived for a transversely isotropic porous medium. The 

transfer matrix method is developed for the first time to obtain the 

absorption coefficient by introducing two non-local parameters, solid 

and fluid, to consider non-local effects. Subsequently, several 

nanocomposite foams are produced by various multiwall carbon 

nanotubes to validate the theoretical results. Different mechanical, 

acoustical, and non-acoustical properties of produced samples have 

been experimentally measured or calculated. Sound absorption for 

various solid and fluid nonlocal parameters is presented and compared 

with the corresponding absorption coefficient experimentally 

obtained from the impedance tube test. The obtained results show that 

by ignoring the fluid nonlocal effect, the experimental results agree 

well with the theoretical predictions based on modified Biot’s 

theory in wave propagation for large values of the solid nonlocal 

parameters. 
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1. Introduction  

Nanocomposites are materials with several different phases and have attracted significant interest 

from researchers and manufacturers due to their enhanced mechanical, thermal, acoustic, and 

electrical properties. Using carbon nanotubes to produce nanocomposite foam affects the porous 

material's fluid and solid phases. Alternatively, carbon nanotubes in the production of 

nanocomposite foam cause nucleation, leading to changes in the size and number of cells. 

Consequently, various parameters, such as thermal characteristic lengths, viscous characteristic 

lengths, tortuosity, and porosity, will be influenced.  

Furthermore, carbon nanotubes in the production process cause the cells to become more closed, 

increasing the flow resistivity of the produced nanocomposite sample. The mentioned factors in 

each of the viscous and thermal damping factors change the properties of the produced 

nanocomposite samples. Another effect is the presence of carbon nanotubes in the solid phase of 

the nanocomposite foam. Carbon nanotubes in different polymer segments of the nanocomposite 

sample form a stronger bond between the carbon nanotubes and the polymeric segments and 

naturally reinforce the microstructure. The effect of this phase on the outcomes of carbon 

nanotubes is evident in structural damping and typically manifests at higher frequencies.  

Many studies have focused on modeling nanocomposite foams [1-4]  and investigated the effect of 

carbon nanotubes on the various properties of producing nanocomposite samples  [5-10]. To 

consider the effect of carbon nanotubes in the solid phase, a more accurate solution is required. 

There are different continuous medium theories to model the macroscopic and microscopic 

behavior of other materials. However, a solution to the governing equations of nanocomposites to 

consider the effect of microstructure on the solid phase is the Eringen theory. Eringen [11] 

presented the nonlocal elasticity theory to develop continuous medium theories for predicting the 

behavior of various materials at the nanoscale, taking the effects of the length parameter into 

account  [12]. The assumption of this theory is to consider the acting forces around the body 

particles. In other words, it expresses the stress at a point in the body, depending on the strains at 

all points of the continuum media [13-17]. 

Chakrabarty [18] described the negative dispersion of wave propagation in cancellous bone using 

modified Biot’s theory. Some deviations in the wave propagation characteristics have occurred 

due to the consideration of the non-local effects of the fluid. Wave propagation characteristics in 

porous materials saturated by fluid were investigated by Tong et al. [19]  based on modified Biot's 

theory. They used this model to account for nonlocal effects in both the solid and fluid phases; 

however, only the solid nonlocal effects were included, while the fluid nonlocal effects were 

omitted. Baferani and Ohadi [20]  presented the modified Biot equations for the first time to model 

wave propagation in isotropic nanocomposite porous materials. They applied the same values of 

nonlocal parameters for solid and fluid phases and solved the governing equations using the 

potential function method. They demonstrated that the results of the Biot theory align with those 

of the modified Biot theory when the nonlocal parameters are small. Tong et al.  [21] applied the 

modified Biot’s theory to investigate the nonlocal parameter effect on Rayleigh wave propagation 

in porous materials saturated by fluid. They investigated the dynamic effect of a ring load on a 

cylindrical structure embedded in a saturated porous medium theoretically using Biot's nonlocal 

theory. They obtained general solutions for displacements, stresses, and pore pressure using the 

Fourier transform [22].  
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Menon and Song [23] presented a stable computational nonlocal poro-mechanics model that can 

be used to analyze dynamically saturated porous media. In this method, the nonlocal formulations 

of skeleton strain energy and fluid flow dissipation energy correspond to their local formulations. 

Ding et al. [24] investigated the determination of the nonlocal parameter and scale factor, as well 

as how grain size, porosity, and grain size distribution affect these size parameters. Based on the 

presented results, the value range and influence factors of these two critical parameters introduced 

in strain gradient nonlocal Biot’s theory are determined. Their findings are of great significance 

for popularizing and applying this theory to engineering practices. Xenon [25] investigated the 

development, calibration, and numerical implementation of a novel fully explicit isotropic, rate-

independent, elastic-plastic model for porous metallic materials. They presented different methods 

and numerical procedures. 

In the majority of the studies reviewed above, the modified Biot's theory has been used to predict 

the acoustic performance of isotropic porous materials  with a particular nonlocal parameter for 

solid and fluid phases; however, the absorption coefficients of these materials have not been 

evaluated in the presence or absence of the nonlocal parameter of the fluid phase. Additionally, 

they should be compared with the experimental results. Furthermore, previous research has not 

used the transfer matrix method to solve the modified Biot theory. 

The present study is devoted to deriving a modified Biot's theory by combining Biot's theory [26] 

and nonlocal elasticity theory [4] to model the expected wave propagation in isotropic or 

transversely isotropic nanocomposite porous layers. In this paper, the solid and fluid nonlocal 

parameters are introduced to consider the nonlocal effects of stress, and Biot's equations are 

modified by the nonlocal elasticity theory. To solve the equations, the transfer matrix method is 

developed for the first time. In addition, several foam nanocomposite samples are produced. 

Meanwhile, the non-acoustic and mechanical characteristics of the produced samples are 

measured, and the experimental and theoretical results are compared.  

2. Modified Biot's theory 

Eringen's nonlocal elastic theory [12, 13, 15, 16] is one of the most widely used approaches to 

consider length effects in continuous models. Eringen's nonlocal theory, which utilizes classical 

elasticity, does not apply to molecular dynamics. It also has a length parameter that can 

significantly influence the modeling of nanostructures. Biot's equations should be modified by the 

nonlocal elasticity theory to obtain the governing equations. Therefore, the Biot equations [27] are 

rewritten as follows 

𝜎𝑖𝑗,𝑗
𝑡 (𝑛𝑙)

= 𝜌𝑢̈𝑖
𝑠 + 𝜌0𝑤̈𝑖 (1) 

 

 

where the 𝜎𝑖𝑗,𝑗
𝑡 (𝑛𝑙)

 represents the nonlocal total stress tensor and 𝑝(𝑛𝑙) is the nonlocal acoustic 

pressure. Additionally, a dot above each parameter denotes partial differentiation concerning 

( ̇ ) = 𝑑()/𝑑𝑡). The subscripts 𝑖 𝑎𝑛𝑑 𝑗 i indicate the derivation of parameters in terms of 𝑥 𝑎𝑛𝑑 𝑦, 

respectively. In addition, 𝜌 = 𝜌1 + 𝜙𝜌0 is the total density of the porous media, 𝜌1 represents the 

−𝑝,𝑖
(𝑛𝑙) = 𝜌0𝑢̈𝑖

𝑠 + 𝐶𝑖𝑤̈𝑖 (2) 

https://www.sciencedirect.com/topics/physics-and-astronomy/grain-size
https://www.sciencedirect.com/topics/engineering/strain-gradient
https://www.sciencedirect.com/topics/earth-and-planetary-sciences/biot-theory
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bulk density, 𝜌0 is the fluid density, 𝑢𝑖
𝑠 denotes the components of solid-phase displacement, 𝑤𝑖 =

𝜙(𝑢𝑖
𝑓

− 𝑢𝑖
𝑠) are the components of fluid-discharge or relative displacement, 𝑢𝑖

𝑓
 are the 

components of fluid phase displacement, 𝜌̃12
𝑖  and 𝜌̃22

𝑖  are the dynamical coefficients given as 

follows [28] 

𝜌̃22
𝑖 = 𝜙𝜌0 − 𝜌̃12

𝑖  (3) 

𝜌̃12
𝑖 = 𝜙𝜌0(1 − 𝛼̃∞

𝑖 ) (4) 

where 𝜙 represents porosity and 𝛼̃∞
𝑖  is the dynamic tortuosity of Johnson's model [29] to consider 

the effects of porous media viscosity. Since there are two solid and fluid phases in a porous 

medium, 𝜇𝑠  and 𝜇𝑓 are regarded as a nonlocal parameter of solid and fluid phases, respectively. 

The terms of 1 − 𝜇𝑠𝛻
2 and 1 − 𝜇𝑓𝛻

2 are applied on both sides of Equations (1) and (2), 

respectively. The nonlocal effects of solid and fluid phases are imposed simultaneously, yielding 

the Biot equations as follows: 

𝜎𝑖𝑗,𝑗
𝑡 (𝑙)

= (1 − 𝜇𝑠𝛻
2)(𝜌𝑢̈𝑖

𝑠 + 𝜌0𝑤̈𝑖) (5) 

−𝑝,𝑖
(𝑙) = (1 − 𝜇𝑓𝛻

2)(𝜌0𝑢̈𝑖
𝑠 + 𝐶𝑖𝑤̈𝑖) (6) 

Also, by assuming the solid phase and fluid-discharge displacements in terms of a frequency-

dependent exponential function, modified Biot’s equations in terms of the frequency are written 

as follows: 

𝜎𝑖𝑗,𝑗
𝑡 (𝑙)

= −𝜔2(1 − 𝜇𝑠𝛻
2)(𝜌𝑢𝑖

𝑠 + 𝜌0𝑤𝑖) (7) 

−𝑝,𝑖
(𝑙) = −𝜔2(1 − 𝜇𝑓𝛻

2)(𝜌0𝑢𝑖
𝑠 + 𝐶𝑖𝑤𝑖) (8) 

Considering the z-axis as the axis of the material's symmetry, the x and y axes will be orthogonal 

in the symmetry plane. Also, the fluid bulk modulus, 𝐾̃𝑒𝑞, is calculated based on the Champoux-

Allard model [30]. In this section, the modified Biot equations have been extended by considering 

the non-local parameters of the solid phase 𝜇𝑠 and fluid phase 𝜇𝑓 , independently. An attempt was 

made to improve the modified Biot theory by considering different values of non-local parameters 

of solid and fluid.  

3. The transfer matrix method 

To investigate the acoustic behavior of nanocomposite porous materials based on modified Biot's 

theory, specific solution methods are required to solve the governing equations. The modified Biot 

equations are typically solved only for isotropic porous materials using analytical methods, which 

are very complex and practically inapplicable for transversely isotropic porous media. The transfer 

matrix method can be applied here to solve these equations for the first time, considering both the 

solid and fluid phase nonlocal effects.  

The transfer matrix method should be applied to the solid nonlocal effect in all directions and the 

fluid nonlocal effect in the z-axis direction. Since the wave propagation is perpendicular to the 

layer's surface, it doesn't change the final solution. Thus, by expanding Equations (7) and (8) and 

ignoring the nonlocal effect of the fluid phase in the x-axis and y-axis direction, they are rewritten 

as follows: 
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𝜕𝜎𝑥𝑥
𝑡 (𝑙)

𝜕𝑥
+

𝜕𝜎𝑥𝑦
𝑡 (𝑙)

𝜕𝑦
+

𝜕𝜎𝑥𝑧
𝑡 (𝑙)

𝜕𝑧
= −𝜔2(1 − 𝜇𝑠𝛻

2)(𝜌𝑢𝑥
𝑠 + 𝜌𝑓𝑤𝑥) (9) 

𝜕𝜎𝑦𝑥
𝑡 (𝑙)

𝜕𝑥
+

𝜕𝜎𝑦𝑦
𝑡 (𝑙)

𝜕𝑦
+

𝜕𝜎𝑦𝑧
𝑡 (𝑙)

𝜕𝑧
= −𝜔2(1 − 𝜇𝑠𝛻

2)(𝜌𝑢𝑦
𝑠 + 𝜌𝑓𝑤𝑦) (10) 

𝜕𝜎𝑧𝑥
𝑡 (𝑙)

𝜕𝑥
+

𝜕𝜎𝑧𝑦
𝑡 (𝑙)

𝜕𝑦
+

𝜕𝜎𝑧𝑧
𝑡 (𝑙)

𝜕𝑧
= −𝜔2(1 − 𝜇𝑠𝛻

2)(𝜌𝑢𝑧
𝑠 + 𝜌𝑓𝑤𝑧) (11) 

−
𝜕𝑝(𝑙)

𝜕𝑥
= −𝜔2(𝜌𝑓𝑢𝑥

𝑠 + 𝐶𝑥𝑤𝑥) (12) 

−
𝜕𝑝(𝑙)

𝜕𝑦
= −𝜔2(𝜌𝑓𝑢𝑦

𝑠 + 𝐶𝑦𝑤𝑦) (13) 

−
𝜕𝑝(𝑙)

𝜕𝑧
= −𝜔2(1 − 𝜇𝑓𝛻

2)(𝜌𝑓𝑢𝑧
𝑠 + 𝐶𝑧𝑤𝑧) (14) 

One may consider a normal plane wave propagating in the 𝑥𝑧-plane in a nanocomposite porous 

layer with infinite lateral dimensions connected to a rigid, impermeable backing. As shown in 

Figure 1, a part of this wave is absorbed (𝑝1), while a part is reflected as (𝑝2).  

 

Fig.1.  Normal wave propagation in a nanocomposite porous layer with infinite lateral dimensions connected to a 

rigid, impermeable backing. 

Therefore, the governing equations can be solved by considering boundary conditions in the free 

air close to the upper face of the layer and behind it. The z-axis is assumed to be the axis of 

rotational symmetry, and the x-axis in the meridian plane is considered perpendicular to the z-axis. 

A harmonic plane wave with the slowness components 𝑞𝑥 = 1/𝐶0 in the x-direction, 𝑞𝑦 = 0  in 

the y-direction, and 𝑞𝑧 = 𝑞 in the z-direction, propagates in a nanocomposite porous layer [28]. 

Thus, the displacement components are derived from Equations (15) and (16). 

x

z

y

L

Rigid Back Wall

Porous Layer
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𝑢𝑖
𝑠 = 𝑎𝑖 𝑒𝑥𝑝 (𝑗𝜔(𝑡 − 𝑞𝑥𝑥 − 𝑞𝑦𝑦 − 𝑞𝑧𝑧)) , 𝑖 = 𝑥, 𝑦, 𝑧 (15) 

𝑤𝑖 = 𝑏𝑖 𝑒𝑥𝑝 (𝑗𝜔(𝑡 − 𝑞𝑥𝑥 − 𝑞𝑦𝑦 − 𝑞𝑧𝑧)) , 𝑖 = 𝑥, 𝑦, 𝑧 (16) 

In the above equations, 𝑎𝑖 and 𝑏𝑖 are the amplitude of displacement components, and 𝑡 represents 

the time. Due to the considered assumption for wave propagation, 𝑢𝑦
𝑠 , 𝑤𝑦, the wavenumber 

component in the y-direction is zero. Hence, the displacement components can be obtained by 

solving a six-equation system, which is given as follows: 

[𝑨]{𝑎𝑥 𝑎𝑧 𝑏𝑥 𝑏𝑧}
𝑇 = {𝟎} (17) 

[𝑩]{𝑎𝑦 𝑏𝑦}𝑇 = {𝟎} (18) 

Substituting Equations (17) and (18) into Equations (9)-(14), [𝑨] and [𝑩] are calculated as follows: 

[𝑨] =

[
 
 
 
 
𝜌 − 𝐵5𝑞𝑧

2 − (2𝐵1 + 𝐵2)𝑞𝑥
2 + 𝐷1 −𝑞𝑥𝑞𝑧(𝐵3  +  𝐵5) 𝜌0 + 𝐵6𝑞𝑥

2 + 𝐷2 𝐵6𝑞𝑥𝑞𝑧

−𝑞𝑥𝑞𝑧(𝐵3  +  𝐵5) 𝜌 − 𝐵4𝑞𝑧
2 − 𝐵5𝑞𝑥

2 + 𝐷1 𝐵7𝑞𝑥𝑞𝑧 𝜌0 + 𝐵7𝑞𝑧
2 + 𝐷2

𝜌0 + 𝐵6𝑞𝑥
2 𝐵7𝑞𝑥𝑞𝑧 −𝐵8𝑞𝑥

2 + 𝐶𝑥 −𝐵8𝑞𝑥𝑞𝑧

𝐵6𝑞𝑥𝑞𝑧 𝜌0 + 𝐵7𝑞𝑧
2 + 𝐷3 −𝐵8𝑞𝑥𝑞𝑧 −𝐵8𝑞𝑧

2 + 𝐶𝑧 + 𝐷4]
 
 
 
 

 (19) 

  

[𝑩] = [
𝜌 − 𝐵5𝑞𝑧

2 − 𝐵1𝑞𝑥
2 + 𝐷1 𝜌0 + 𝐷2

𝜌0 𝐶𝑦
] (20) 

where the coefficients of 𝐷1 to 𝐷4 in terms of solid and fluid nonlocal parameters are defined by: 

𝐷1 = 𝜇𝑠𝜌𝜔2(𝑞𝑥
2 + 𝑞𝑧

2) (21) 

𝐷2 = 𝜇𝑠𝜌0𝜔
2(𝑞𝑥

2 + 𝑞𝑧
2) (22) 

𝐷3 = 𝜇𝑓𝜌0𝜔
2(𝑞𝑥

2 + 𝑞𝑧
2) (23) 

𝐷4 = 𝜇𝑓𝐶𝑧𝜔
2(𝑞𝑥

2 + 𝑞𝑧
2) (24) 

Here, the waves are polarized on the nanocomposite porous layer and perpendicular to it.  The 

independence of 𝑎𝑦 and 𝑏𝑦 on 𝑎𝑥, 𝑎𝑧, 𝑏𝑥 and 𝑏𝑧 justifies the decoupling of slow waves polarized 

in the y-direction and the waves polarized in the meridian plane. If the square matrix determinant 

of Equation (19) equals zero, a nontrivial solution will exist to obtain the amplitude of 

displacement components. Hence, by calculating this determinant, a third-degree polynomial 

equation in terms of  𝑞𝑧
2 is obtained as follows: 

𝑉0𝑞𝑧
6 + 𝑉1𝑞𝑧

4 + 𝑉2𝑞𝑧
3 + 𝑉3 = 0 (25) 

The coefficients 𝑉𝑖  can be calculated using computational software such as MATLAB or Maple. 

The six roots of 𝑞𝑧 are obtained that 𝑞𝑧(1), 𝑞𝑧(2) and 𝑞𝑧(3) correspond to the three upgoing waves 

with the positive real parts and 𝑞𝑧(4), 𝑞𝑧(5) and 𝑞𝑧(6) are related to the three downgoing waves 

with negative real parts. 



 M. Mirmasoumi et al. / Journal of Theoretical and Applied Vibration and Acoustics 11 (2) 161-183 (2025) 

167 

 

𝑞𝑧(1) = −𝑞𝑧(6), 𝑞𝑧(2) = −𝑞𝑧(5), 𝑞𝑧(3) = −𝑞𝑧(4) (26) 

Considering the first three equations of Equation (19), the amplitudes 𝑎𝑥 , 𝑎𝑧, 𝑏𝑥 and 𝑏𝑧 can be 

calculated by using a normalized coefficient 𝑁 = 𝑎𝑧 + 𝑏𝑧 that is the displacement component 

amplitude (1 − 𝜙)𝑢𝑧
𝑠 + 𝜙𝑢𝑧

𝑓
 [31]. Thus, the amplitude of displacement components can be 

obtained by the following equation: 

{

𝑎𝑥

𝑎𝑧

𝑏𝑥

} = [

𝐴11 𝐴12 − 𝐴14 𝐴13

𝐴21 𝐴22 − 𝐴24 𝐴23

𝐴31 𝐴32 − 𝐴34 𝐴33

]

−1

{
−𝑁𝐴14

−𝑁𝐴24

−𝑁𝐴34

} , 𝑏𝑧 = 𝑁 − 𝑎𝑧 (27) 

If the square matrix's determinant [𝑩] in Equation (20) is equal to zero, a nontrivial solution for 

polarized waves perpendicular to the 𝑥𝑧-plane will exist. So, the value of 𝑞𝑧
2 is: 

𝑞𝑧
2 =

(𝜌 − 𝐵1𝑞𝑥
2 −

𝜌0
2

𝐶𝑦
+ (𝜇𝑠𝜌𝜔2 −

𝜇𝑠𝜌0
2𝜔2

𝐶𝑦
) 𝑞𝑥

2)

(𝐵5 − 𝜇𝑠𝜌𝜔2 +
𝜇𝑠𝜌0

2𝜔2

𝐶𝑦
)

 (28) 

These waves should be normalized by 𝑎𝑦 = 𝑁, such that:  

𝑏𝑦 = −
𝑁𝜌0

𝐶𝑦
 (29) 

By considering 𝑁 = 1 and 𝑞𝑧 = ±𝑞𝑧(𝑖), 𝑖 = 1,2,3, the amplitudes 𝑎𝑥
±(𝑖), 𝑎𝑧

±(𝑖), 𝑏𝑥
±(𝑖) and 𝑏𝑧

±(𝑖) 

are the solutions of Equation (27). Therefore, when 𝑞𝑧(𝑖) → −𝑞𝑧(𝑖),  N  remains equal to one; 

consequently, one can write: 

𝑎𝑥
+ = −𝑎𝑥

−, 𝑎𝑧
+ = 𝑎𝑧

+, 𝑏𝑥
+ = −𝑏𝑥

−, 𝑏𝑧
+ = 𝑏𝑧

+ (30) 

The solid and fluid-discharge displacement components in the directions of 𝑥 and 𝑧 can be written 

as a sum of six waves [32] by defining the normalized factors 𝑁(𝑛) 

𝑢𝑥
𝑠 = ∑ 𝑁(𝑛)𝑎𝑥(𝑛)

6

𝑛=1

𝑒𝑥𝑝(𝑗𝜔(𝑡 − 𝑞𝑥𝑥 − 𝑞𝑧(𝑛)𝑧)) (31) 

𝑢𝑧
𝑠 = ∑ 𝑁(𝑛)𝑎𝑧(𝑛)

6

𝑛=1

𝑒𝑥𝑝(𝑗𝜔(𝑡 − 𝑞𝑥𝑥 − 𝑞𝑧(𝑛)𝑧)) (32) 

𝑤𝑥 = ∑ 𝑁(𝑛)𝑏𝑥(𝑛)

6

𝑛=1

𝑒𝑥𝑝(𝑗𝜔(𝑡 − 𝑞𝑥𝑥 − 𝑞𝑧(𝑛)𝑧)) (33) 
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𝑤𝑧 = ∑ 𝑁(𝑛)𝑏𝑧(𝑛)

6

𝑛=1

𝑒𝑥𝑝(𝑗𝜔(𝑡 − 𝑞𝑥𝑥 − 𝑞𝑧(𝑛)𝑧)) (34) 

where 𝑁(𝑛) is the relative amplitude of the three reflected waves relative to the three absorbed 

waves. The following column states that a vector is used to describe the stress field, the 

displacement field, and the acoustic pressure as follows: 

𝑽(𝑧) = [𝑢𝑥
𝑠 𝑢𝑧

𝑠 𝑤𝑧 𝜎𝑧𝑧
𝑡 𝜎𝑥𝑧

𝑡 𝑝]𝑇 (35) 

Moreover, the column vector N is given by the following relation. 

𝑵 = [𝑁𝑥
+ + 𝑁𝑥

− 𝑁𝑥
+ − 𝑁𝑥

− 𝑁𝑦
+ + 𝑁𝑦

− 𝑁𝑦
+ − 𝑁𝑦

− 𝑁𝑧
+ + 𝑁𝑧

− 𝑁𝑧
+ − 𝑁𝑧

−]𝑇 (36) 

where 𝑁𝑥
+, 𝑁𝑦

+ and 𝑁𝑧
+ are the normalization factors for the three waves are absorbed and 𝑁𝑥

−, 𝑁𝑦
− 

and 𝑁𝑧
−, for the three waves, are reflected. The state vector V corresponds to the vector N by 

𝑽(𝑧) = [𝛤(𝑧)]𝑵 (37) 

thus, there is the following equation to correlate the vectors V(L) and V(0) to each other  

𝑽(𝐿) = [𝑇]𝑽(0) (38) 

where L  is the thickness of the nanocomposite porous layer. The transfer matrix  elements for the 

porous layer are obtained by 

[𝑇] = [𝛤(𝐿)][𝛤(0)]−1 (39) 

where the elements 𝛤𝑚𝑛 are calculated in terms of frequency by substituting the stress field, 

displacement field, and acoustic pressure into Equation (38) [31]. Figure 1 shows that the 

nanocomposite porous layer is connected to a rigid, impermeable backing. So, by considering the 

boundary conditions at 𝑧 = 𝐿 and 𝑧 = 0, one can write 

𝑽(𝐿) = [𝑢𝑥
𝑠(𝐿) = 0 𝑢𝑧

𝑠(𝐿) = 0 𝑤𝑧(𝐿) = 0 𝜎𝑧𝑧
𝑡 (𝐿) 𝜎𝑥𝑧

𝑡 (𝐿) 𝑝(𝐿)]𝑇 (40) 

𝑽(0) = [𝑢𝑥
𝑠(0) 𝑢𝑧

𝑠(0) 𝑤𝑧(0) 𝜎𝑧𝑧
𝑡 (0) = −𝑝 𝜎𝑥𝑧

𝑡 (0) = 0 𝑝(0) = 𝑝]𝑇 (41) 

The surface impedance corresponds to the acoustic pressure and the z-component of air velocity. 

In addition, the air velocity is related to the solid phase and fluid-discharge displacements as 

follows: 

𝑝 = 𝑍𝑠𝑣𝑧 (42) 

𝑣𝑧 = (𝑤𝑧 + 𝑢𝑧)𝑗𝜔 (43) 

Considering Equations (40-43), a three-equation system in terms of surface impedance is obtained.  

𝑇11𝑢𝑥
𝑠 + (𝑇12 − 𝑇13)𝑢𝑧

𝑠 + (
𝑇13

𝑗𝜔𝑍𝑠
− 𝑇14 + 𝑇16) 𝑝 = 0 (44) 
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𝑇21𝑢𝑥
𝑠 + (𝑇22 − 𝑇23)𝑢𝑧

𝑠 + (
𝑇23

𝑗𝜔𝑍𝑠
− 𝑇24 + 𝑇26) 𝑝 = 0 (45) 

𝑇31𝑢𝑥
𝑠 + (𝑇32 − 𝑇33)𝑢𝑧

𝑠 + (
𝑇33

𝑗𝜔𝑍𝑠
− 𝑇34 + 𝑇36) 𝑝 = 0 (46) 

Hence, the surface impedance is obtained by using the Cramer rule as follows. 

𝑍𝑠 = −
𝛬2

𝑗𝜔𝛬1
, 𝛬1 = |

𝑇11 𝑇12 − 𝑇13 𝑇16 − 𝑇14

𝑇21 𝑇22 − 𝑇23 𝑇26 − 𝑇24

𝑇31 𝑇32 − 𝑇33 𝑇36 − 𝑇34

| , 𝛬2 = |

𝑇11 𝑇12 − 𝑇13 𝑇13

𝑇21 𝑇22 − 𝑇23 𝑇23

𝑇31 𝑇32 − 𝑇33 𝑇33

| (47) 

The acoustic performance of porous materials in wave propagation is characterized by the 

absorption coefficient 𝛼 as follows 

𝛼 = 1 − |𝑅|2 (48) 

where 𝑅 is the reflection coefficient in terms of the surface impedance 𝑍𝑠 and the characteristic 

impedance 𝑍0.  

𝑅 =
𝑍𝑠 − 𝑍0

𝑍𝑠 + 𝑍0
, 𝑍0 = 𝜌0𝑐0 = √𝜌0𝐾0 (49) 

In Equation (49) 𝑐0, 𝜌0 and 𝐾0 represent the sound speed, density, and bulk modulus of air, 

respectively. Consequently, the absorption coefficient can be computed using the transfer matrix 

method by solving the governing equations. The acoustic behavior of the nanocomposite porous 

layer can be described in normal wave propagation [31].   

4. Experiments 

The details of the materials used and the procedure for fabricating samples are presented in Refs. 

[5, 33]. The considered multi-walled carbon nanotubes (MWCNTs) in this research are four 

different samples, one of which is unfunctionalized. The other three samples are functionalized 

with diameters of 5-15nm, 20-30nm, and 50-80nm. Additionally, the composition and part-by-

weight percent of constituents are presented in Table 1. Different instruments and standards have 

been used to characterize and measure the properties as mentioned in Ref. [5]. 

Table 1. Composition and part by weight of reactants for producing neat PU foams. 

 Polyol Isocyanate 
Distilled 

water 

Amine 

catalyst 

Silicone 

surfactant 
Tin catalyst 

Physical 

blowing agent 
Glycerin 

Part by weight 100 85.38 7 1.5 1.5 0.25 8 3.5 
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5. Measurement and characterization of mechanical, acoustic, and non-

acoustical properties 

Direct laboratory methods can measure all mechanical properties and non-acoustical 

characteristics of produced foams. Few laboratory methods exist for non-acoustical characteristics 

such as tortuosity, thermal, and viscosity characteristic lengths; however, these methods are not 

easily available. In many studies, these parameters are predicted using semi-empirical methods 

such as scanning electron microscopy (SEM) or indirect methods. In this study, the indirect method 

is used to predict these parameters. 

5.1 Mechanical and structural properties of produced samples 

Table 2 shows various mechanical and structural characteristics of the produced foam 

nanocomposite samples. The structural properties are measured according to the ISO 3386 

standard, and the density is determined using the ASTM D3574 standard in a laboratory, utilizing 

a large number of samples. 

 

Table 2. Mechanical and structural characteristics of the produced nanocomposite samples with different 

MWCNT . 

Samples Young modulus E(Pa) Poison ratio ν Structural damping η Density 
ρ1(kg

m3
) 

Nanocyl nanocomposite 
sample 27884.47 ± 5579.12 0.47 ± 0.01 0.0846 ± 0.0025 26.31 ± 1.27 

PU/CNT functionalized 
nanocomposite with a 
diameter of 5-15 nm 

97263.43 ± 13147.91 0.41 ± 0.02 0.0918 ± 0.0031 26.72 ± 1.08 

PU/CNT functionalized 
nanocomposite with a 
diameter of 20-30 nm 

73796.62 ± 10302.28 0.43 ± 0.12 0.0938 ± 0.0035 27.02 ± 1.17 

PU/CNT functionalized 
nanocomposite with a 
diameter of 50-80 nm 

63144.61 ± 5158.66 0.47 ± 0.08 0.0954 ± 0.0078 31.49 ± 1.01 

 

5.2 Non-Acoustical Properties of Produced Samples: Indirect Methods 

In the analysis of the behavior of porous materials, it has always been challenging to calculate 

three non-acoustic parameters, including the characteristic length of torsion, thermal properties, 

and viscosity. One method for calculating these three parameters is the indirect calculation method. 

The method used in this study is strictly compatible with the process presented in [33]. It is 

noteworthy that the equations used in this research are the modified Biot equations. 
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Table 3. Comparison between the non-acoustical characteristics of the produced nanocomposite samples. 

Samples Porosity 𝜙 
Flow resistivity 

𝜎(
𝑁𝑠

𝑚4
) 

Tortuosity 

𝛼∞ 
Thermal typical 

length 𝛬′(μm) 

Viscous 
characteristic 

length 𝛬(μm) 

Nanocomposite foam by Nanocyl 

MWCNT(
𝑙

𝑑
= 158) 

97.4807 ± 
0.8598 

5716.84
± 740.44 

2.6578 ± 
0.1929 166.3184 ± 20.022 54.8575 ± 1.8184 

Nanocomposite foam by 
functionalized MWCNT with O.D. 5-

15 nm(
𝑙

𝑑
= 5000) 

91.2111 ± 
1.9134 

4985.664 ±
530.81 

2.1439 ± 
0.2211 171.9391 ± 13.876 47.6531 ± 6.1401 

Nanocomposite foam by 
functionalized MWCNT with O.D. 20-

30 nm(
𝑙

𝑑
= 800) 

94.2875 ± 
0.8886 

5014.209
± 536.24 

1.4309 ± 
0.1839 182.5217 ± 22.293 24.6946 ± 4.6624 

Nanocomposite foam by 
functionalized MWCNT with O.D. 50-

80 nm(
𝑙

𝑑
= 230) 

91.824 ± 
1.0469 

5241.960
± 223.76 

1.2390 ± 
0.0912 183.8538 ± 23.9464 38.9581 ± 18.7346 

 

Based on the indirect method, the three features are calculated separately for each sample. The 

presented process for samples 2 and 3 cm thick, is based on the statistical methods for each set. 

Many samples are calculated, and the non-acoustical characteristics of the produced 

nanocomposite samples are presented in Table 3. The presented results are the statistical analysis 

of data from different samples. Figure 2 shows the SEM images of all nanocomposite samples, 

which are used to determine their porosity.  
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(a) 

  

(b) 

  

(c) 

  

(d) 

  

Fig.2. SEM images from a) nanocomposite foam by Nanocyl MWCNT (
𝑙

𝑑
= 158); b) nanocomposite foam by 

functionalized MWCNT with O.D. 50 to 80 nm (
𝑙

𝑑
= 230); c) nanocomposite foam by functionalized MWCNT 

with O.D. 20 to 30 nm (
𝑙

𝑑
= 800); d) nanocomposite foam by functionalized MWCNT with O.D. 5 to 15 nm 

(
𝑙

𝑑
= 5000). 
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6. Results and discussion 

6.1 Model verification 

This section verifies the theoretical results in this paper with previous work. The absorption 

coefficient of a nanocomposite porous foam with mechanical, acoustic, and non-acoustic 

properties as presented in [20] is calculated based on the modified Biot theory using the updated 

transfer matrix method and compared with the corresponding reference results. As shown in Figure 

3, the present study predicts the same results as those of Hasani Baferani and Ohadi [20], indicating 

the correct performance of the updated transfer matrix method.  

 

Fig.3. Comparison between the absorption coefficient of a nanocomposite porous foam based on modified Biot's 

theory versus frequency, calculated by the transfer matrix method with ref [20]. 

6.2. Comparison of models by experimental samples 

In the following, the experimental results obtained from the impedance tube test will be compared 

with the predicted results based on Biot's theory and Biot's modified theory for different 

nanocomposite samples produced. Mechanical and non-acoustic properties are used based on the 

results presented in Table 3. 

6.2.1. Nanocomposite foams by Nanocyl MWCNT 

In this subsection, the experimental results of the acoustic absorption coefficient are compared 

with the corresponding results of the absorption coefficient based on Biot's theory (𝜇𝑠 = 𝜇𝑓 = 0) 

and modified Biot's theory (𝜇𝑠 > 0, 𝜇𝑓 ≥ 0) for different values of solid and fluid phase nonlocal 

parameters. Figures 4 and 5 show the comparison between the experimental results and the 

theoretical predictions based on Biot's and modified Biot's theories in the condition of including 

the fluid non-local effect for the Nanocyl MWCNT nanocomposite sample with a thickness of 2 

cm in the frequency range from 0 to 1000 Hz (Figure 4) and 0 to 6300 Hz (Figure 5). As can be 

seen, in the low-frequency range (0 to 1000 Hz), for small values of solid and fluid nonlocal 
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parameters, the modified Biot and Biot theories yield the same sound absorption results. Still, in 

this frequency range, the experimental results differ somewhat from the theoretical results (Figure 

4a).  

 

(a) 

 

(b) 

Fig. 4. Comparison between the experimental results and the predicted results based on Biot's and modified Biot's 

theories for nanocomposite foam by Nanocyl MWCNT with 2 cm thickness in the situation of including fluid 

nonlocal effect; a) 1𝑒 − 7 ≤ 𝜇𝑠 = 𝜇𝑓 ≤ 5𝑒 − 6, b) 1𝑒 − 5 ≤ 𝜇𝑠 = 𝜇𝑓 ≤ 1𝑒 − 2. 

By increasing the values of nonlocal parameters in the low-frequency range, Biot’s and modified 

Biot’s theories predict different results; however, modified Biot’s theory and experimental results 

have a good agreement considering 𝜇𝑠 = 𝜇𝑓 = 1𝑒−4. The results obtained by modified Biot’s 

theory differ from Biot’s theory, especially since these results are  more remarkable than those for 

𝜇𝑠 = 𝜇𝑓 > 1𝑒−4 (Figure 4b). The theoretical models still predict similar results by increasing the 
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frequency to the range of 6300 Hz and considering the small values of the solid and fluid nonlocal 

parameters. The results of modified Biot’s theory agree with the experimental results for 𝜇𝑠 =
𝜇𝑓 = 5𝑒−6 (Figure 5a). The absorption coefficients predicted by the modified Biot theory decrease 

at high-frequency ranges for the values of nonlocal parameters 𝜇𝑠 = 𝜇𝑓 > 5𝑒−6 and move away 

from the Biot theory and experimental results. Considering the larger values of the nonlocal 

parameter for solid and fluid phases, modified Biot’s theory and experimental results do not match 

(Figure 5b).  

 

(a) 

 

(b) 

Fig.5. Comparison between the experimental results and the predicted results based on Biot's and    

modified Biot's theories for nanocomposite foam by Nanocyl MWCNT with 2 cm thickness versus 

frequency in the situation of including fluid nonlocal effect; a) 1𝑒 − 7 ≤ 𝜇𝑠 = 𝜇𝑓 ≤ 5𝑒 − 6, b) 1𝑒 − 5 ≤

𝜇𝑠 = 𝜇𝑓 ≤ 1𝑒 − 2. 

In Figure 6, the variation of the absorption coefficient of this foam is presented only considering 

the nonlocal coefficient on the solid phase. As can be seen, the results presented by modified Biot's 

theory have a much better approximation than Biot's theory, especially when the fluid nonlocal 
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effect is ignored (𝜇𝑓 = 0). In the first situation (including the fluid nonlocal effect), when the 

nonlocal parameters for both phases  are increased, the foam's absorption coefficient decreases, 

which is far from the experimental results. In this situation, the theoretical and experimental results 

for 𝜇𝑠 = 𝜇𝑓 = 5𝑒 − 6 have a good agreement. 

 

(a) 

 

 

 

(b) 

Fig.6. Comparison between the experimental results and the predicted results based on Biot's and modified Biot's 

theories for nanocomposite foam by Nanocyl MWCNT with 2 cm thickness versus frequency in the situation of 

excluding fluid nonlocal effect; a) 1𝑒 − 7 ≤ 𝜇𝑠 ≤ 5𝑒 − 6, 𝜇𝑓 = 0, b) 1𝑒 − 5 ≤ 𝜇𝑠 ≤ 1𝑒 − 2, 𝜇𝑓 = 0. 

 

In contrast, the theoretical results are closer to experimental results in the second situation 

(excluding the fluid nonlocal effect). The model becomes more accurate  as the solid nonlocal 

parameter is increased. It is necessary to note that the non-acoustical properties used in modified 
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Biot's theory are based on the information presented in Table 3, which is derived from an indirect 

statistical method using at least 40 different samples of Biot's theory. It can be concluded from the 

presented results in Figures 4 and 5 that modified Biot's and Biot's theories provide a good approxi- 

 

(a) 

 

 

(b) 

Fig.7.  Comparison between the experimental results and the predicted results based on Biot's and modified Biot's 

theories for nanocomposite foam by functionalized MWCNT with O.D. 5 to 15 nm and 2 cm thickness versus 

frequency in the situation of excluding fluid nonlocal effect; a) 1𝑒 − 7 ≤ 𝜇𝑠 ≤ 5𝑒 − 6, 𝜇𝑓 = 0, b) 1𝑒 − 5 ≤ 𝜇𝑠 ≤

1𝑒 − 2, 𝜇𝑓 = 0. 



 M. Mirmasoumi et al. / Journal of Theoretical and Applied Vibration and Acoustics 11 (2) 161-183 (2025) 

178 

 

mation of the behavior of nanocomposite porous materials. Specifically, behavioral predictability 

is better when the fluid nonlocal effect is ignored. As shown in Figure 6, the best agreement 

between the modified Biot’s theory and the experimental results is when 𝜇𝑠 = 1𝑒 − 4, 𝜇𝑓 = 0 at 

the frequency range from 0 to 5400 Hz.  

Since the obtained theoretical results in the second situation (excluding the fluid nonlocal effect) 

for this foam were in better agreement with experimental results, only the other foams' predicted 

results from the second situation are presented. 

6.2.2. Nanocomposite Foam by functionalized MWCNT with O. D. 5-15 nm 

This subsection presents the variation of the absorption coefficient for nanocomposite foam 

samples functionalized with MWCNT with diameters ranging from 5 to 15 nm. Figure 7 compares 

the variations of Biot's absorption coefficient predictions and modified Biot's theories with 

experimental results as a function of frequency. As seen, Biot's and modified Biot's theories can 

predict the behavior of nanocomposite samples with excellent approximation, especially when the 

nonlocal parameter of the solid phase is increased. Modified Biot's theory can better approximate 

the behavior of nanocomposite foams. The best agreement between the results predicted by 

modified Biot’s theory and the experimental results is when 𝜇𝑠 = 1𝑒 − 3, 𝜇𝑓 = 0. There is a 

significant difference between the theoretical and experimental results at low frequencies for 𝜇𝑠 <
1𝑒 − 3, 𝜇𝑓 = 0. Simultaneously  when 𝜇𝑠 ≥ 1𝑒 − 3,  𝜇𝑓 = 0, a good agreement is observed 

between the experimental results and theoretical predictions from modified Biot's theory at the low 

and high-frequency ranges. Hence, it can be concluded that the modified Biot's theory can predict 

the acoustic performance of these materials more accurately than Biot's theory in the frequency 

range from 0 to 5300 Hz.  

6.2.3. Nanocomposite foam by functionalized MWCNT with O. D. 20-30 nm 

This subsection illustrates the behavior of the absorption coefficient of different samples of the 

produced nanocomposite foam with an O.D. of 20-30 nm. MWCNT is compared with the results 

predicted by Biot's and modified Biot's theories with a thickness of 2 cm. The absorption 

coefficients of nanocomposite foam by functionalized MWCNT with O.D. 20 to 30 nm are shown 

in Figure 8, predicted by the mentioned theories, excluding the nonlocal parameter fluid phase, 

with experimental results. In this foam, by excluding the nonlocal effects of the fluid phase and 

considering the value of the solid nonlocal parameter 𝜇𝑠 = 5𝑒 − 4, there is a good agreement 

between the theoretical predictions and experimental results in the range of frequency from 0 to 

3500 Hz. Larger values of the solid nonlocal parameter (𝜇𝑠 > 5𝑒 − 4) do not change the 

theoretical, but smaller values (𝜇𝑠 < 5𝑒 − 4), bring the results closer to the Biot theory and deviate 

from laboratory results. 
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6.2.4. Nanocomposite foam by functionalized MWCNT with O. D. 50-80 nm 

In this subsection, the acoustic absorption coefficient of a nanocomposite sample with 

functionalized MWCNTs with an outer diameter of 50-80 nm and 2 cm thickness has been 

investigated in Figure 9. Similar to previous observations, there is a good agreement between the 

experimental and theoretical results for large values of solid nonlocal parameters, especially in the 

low-frequency range when the solid nonlocal parameter is 𝜇𝑠 = 1𝑒 − 3 and the fluid nonlocal 

 

(a) 

 

(b) 

Fig.8. Comparison between the experimental results and the predicted results based on Biot's and modified Biot's 

theories for nanocomposite foam by functionalized MWCNT with O.D. 20 to 30 nm and 2 cm thickness versus 

frequency in the situation of excluding fluid nonlocal effect; a) 1𝑒 − 7 ≤ 𝜇𝑠 ≤ 5𝑒 − 6, 𝜇𝑓 = 0, b) 1𝑒 − 5 ≤ 𝜇𝑠 ≤

1𝑒 − 2, 𝜇𝑓 = 0. 
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parameter is zero. For values  higher than 1𝑒 − 3, the theoretical results do not change significantly, 

but for smaller values, the results approach Biot’s theory in a frequency range from 0 to 4500. 

 

(a) 

 

(b) 

Fig. 9. Comparison between the experimental results and the predicted results based on Biot's and modified Biot's 

theories for nanocomposite foam by functionalized MWCNT with O.D. 50 to 80 nm and 2 cm thickness versus 

frequency in the situation of excluding fluid nonlocal effect; a) 1𝑒 − 7 ≤ 𝜇𝑠 ≤ 5𝑒 − 6, 𝜇𝑓 = 0, b) 1𝑒 − 5 ≤ 𝜇𝑠 ≤

1𝑒 − 2, 𝜇𝑓 = 0. 

6. Conclusions 

This paper presents wave propagation in nanocomposite porous materials based on the modified 

Biot's theory. The governing equations  were solved for the first time using the transfer matrix 

method. Subsequently, several nanocomposite foams with different multiwall carbon nanotubes 

were produced. Eventually, a comparison was presented between Biot's predicted results and 
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modified Biot's equations in two situations: one including and the other excluding the nonlocal 

effect of the fluid phase, along with experimental results. The findings are summarized as: 

Biot's and modified Biot's equations have predicted the changes in the acoustic absorption 

coefficient of produced nanocomposite foams with an acceptable approximation.  

In the first situation (including the fluid nonlocal effect), the modified Biot's theory's predicted 

results are similar to those of Biot's theory, with approximately the same values in the low-

frequency range for different nonlocal parameter values.  

The absorption coefficient also decreases as the nonlocal parameters of the solid and fluid phases 

decrease in a high-frequency range. It tends to zero for large values of nonlocal parameters of the 

solid and fluid phases.  

Notably, there is a significant difference between Biot's and modified Biot's theories for different 

values of the solid nonlocal parameter in high-frequency ranges.  

By comparing the results predicted by the modified Biot theory with the experimental results  for 

the nanocomposite porous materials investigated in this paper, it can be seen that models excluding 

the fluid nonlocal effect for significant solid nonlocal parameters are more suitable for predicting 

wave characteristics in nanocomposite porous materials. 

Increasing the solid nonlocal parameter 𝜇𝑠, the highest degree of overlap with experimental results 

is obtained in all produced nanocomposite foams for a large part of the frequency range. 
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