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Abstract: This study performs vibration analysis of pre-twisted rectangular and airfoil-
section blades using a Ritz-based continuous classical beam—shaft reduced-order model
(ROM), demonstrating its applicability in gas turbine design workflows. The framework
incorporates pre-twist effects and static imbalance (CG-EA offset), which is horizontal in
symmetric airfoils and also vertical in cambered or asymmetric airfoils. Discretization of the
energy equations using trial functions yields the global mass and stiffness matrices, facilitating
the vibration analysis of blades with complex geometries through a standard eigenvalue
formulation. Validation is performed against finite element method (FEM) analyses using MSC
Nastran and results from an advanced finite difference method (FDM) reported in the literature.
The results show strong agreement while maintaining computational efficiency. The proposed
framework provides a basis for ROM-based tools capable of performing computationally
efficient aeroelastic analyses of continuous blade models, blade rows, and integrated gas
turbines. Torsional, flapwise, and chordwise bending modes—including their couplings
induced by pre-twist and static imbalances—are examined, and natural frequency trends for
different imbalance configurations are presented as functions of pre-twist angle.
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Nomenclature

xx: Fixed horizontal axis passing angle

through the cross-section shear center
& Ixx: Second moment of area about the

x: Coordinate along the xx axis XX axis

X1X;: Fixed horizontal axis passing
through the cross-section centroid

Iy« Second moment of area about the
X1X1 axis

x1: Coordinate along the xix: axis
a: Pre-twist angle

XX: Rotated x;x; axis by the pre-twist

yy: Fixed vertical axis through cross-
section shear center

y: Coordinate along the yy axis

y1V1: Fixed vertical axis through cross-
section centroid

Iyy: Second moment of area about the

y1ysaxis
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y1: Coordinate along the y,y; axis
YY: Rotated y, y;axis by pre-twist angle

Iyy: Second moment of area about the
YY axis

Iyy: Product moment of area about the
xix1 and yiy: axes

zz: Longitudinal axis
z: Spanwise coordinate
CG: Center of gravity
EA: Elastic axis

ry: Projection of the CG-EA offset on x-
axis

ry: Projection of the CG-EA offset on y-
axis

rx: Projection of the CG-EA offset on
X-axis

ry: Projection of the CG-EA offset on Y-
axis

E: Young’s modulus
G: Shear modulus

b: Cross-sectional width (chordwise
direction)

d: Cross-sectional depth (thickness or
flapwise direction)

1: Blade length

p: Density

A: Cross-sectional area
T: Kinetic energy

1t: Strain energy

J: Torsional constant
C: Torsional rigidity

I g : Mass moment of inertia about the
center of gravity

[.¢: Mass moment of inertia about the
elastic axis

n: Number of modes

x(z,t).: In-Plane (chordwise/edgewise)
bending displacement

y(z,t): Out-of-plane (flapwise) bending
displacement

0(z, t): Torsional deformation

T} »(t): Modal(generalized) coordinate
for chordwise bending

Tp,y (1): Modal(generalized) coordinate
for flapwise bending

T (t): Modal(generalized) coordinate
for torsion

1,j: Mode indices

X®(2): i-th chordwise bending mode
shape

Y D (2): i-th flapwise bending mode
shape

0@ (2): i-th torsional mode shape
T: Generalized coordinate vector

cl)X].: j-th chordwise bending trial
function

(I)y]_: j-th flapwise bending trial function

(I)gj: j-th torsion trial function

ct(,i;j : j-th Ritz constant (eigenvector
component) for the i-th chordwise mode

ct(,ig,]_ : j-th Ritz constant (eigenvector
component) for the i-th flapwise mode
ng): j-th Ritz constant (eigenvector

component) for the i-th torsional mode
[m]: Global mass matrix

[k]: Global stiffness matrix

[ky ]: Flapwise bending stiffness matrix

[kX ]: Chordwise bending stiffness
matrix



[ke ]:Torsional stiffness matrix M: Bending moment

[kxy | [Kyx |: Coupled flapwise- V: Shear force
chordwise stiffness matrices A: Eigenvalue
[my |: Flapwise bending mass matrix I: Area moment of inertia about the xx
axis
[mX ]: Chordwise bending mass matrix
I;: Area moment of inertia about the yy
[me ]: Torsional mass matrix axis
[mye ] [mey]3 Coupled flapwise- Fanx1: External load vector

torsional mass matrices . '
J3nx1: Displacement vector

[mxe ], [mex]: Coupled chordwise-

. . x;: Dimensionless horizontal CG-EA
torsional mass matrices

offset

Tmax, D: Reference kinetic energy yy: Dimensionless vertical CG-EA offset

Tmax, N Maximum strain energy w: Circular natural frequency

R: Rayleigh’s quotient

1. Introduction

For gas turbines—particularly aero-engines, which exemplify advanced engineering at the
forefront of technological innovation—a thorough understanding of their core design and
analysis fundamentals remains essential. Over time, classical engineering science and
technology domains have converged, producing inherently complex, multidisciplinary
challenges. A prime example is turbomachinery aeroelasticity, which requires coupled analysis
of blade-row behavior and full-system gas turbine dynamics, demanding rigorous
consideration during design certification at leading aero-engine manufacturers.

The occurrence of high-cycle fatigue (HCF), flutter, buffet, resonant vibrations, and noise—
combined with prohibitive testing costs and the risk of catastrophic failure—necessitates the
development of rapid, high-fidelity computational tools based on reduced-order modeling
(ROM). Such tools are essential during the conceptual and preliminary design phases to address
vibration and aeroelastic challenges in gas turbines. These ROM frameworks must incorporate
modal representations of blade dynamics that account for critical factors such as pre-twist and
asymmetric airfoil cross-sections. Over recent decades, these capabilities have been realized
through various modeling approaches and solution methods.

Static imbalance effects at different pre-twist angles were investigated experimentally by
Carnegie [1], while Subrahmanyam and Kaza [2] studied the effects of different combinations
of static imbalances in Carnegie’s blade airfoils using the advanced finite difference method.
The transformation method, as described by Carnegie [3], involves converting the original
differential equations of motion into ten simultaneous first-order differential equations. These
equations are subsequently solved via a finite-difference step-by-step procedure.

Maney investigators have studied the effect of pre-twist in blades. Modeling approaches are
generally classified as either continuous or discrete. Reported solution methods include the
Rayleigh method [1,4—7], Ritz method [8—12], Galerkin method [8,13,14], collocation method



[15], Reissner method [16,17], perturbation method [18,19], transformation method [3,4,20—
23], station function method [24,25], lumped parameter method [26], Myklestad method [27],
Holzer-Myklestad method [28], extended Holzer-Myklestad method [29], Stodola method
[30], Adomian modified decomposition method (AMDM) [31], and the finite element method
(FEM) [32-38]. However, the investigation of static imbalance effects at different pre-twist
angles, as well as for different combinations of static imbalances in airfoils, has not been
addressed using the Ritz method in the literature.

This study extends previous works by employing the Ritz method to model symmetrical and
asymmetrical pre-twisted blade cross-sections, deriving their global mass and stiffness matrices
as a foundation for reduced-order aeroelastic formulations. Natural frequency variations are
analyzed with respect to pre-twist angles, highlighting the influence of static imbalance
combinations. The proposed methodology is validated against numerical solutions from MSC
Nastran and advanced finite-difference results from the literature [2]. The approach also shows
potential for deriving reduced modal equations in ROM-based blade-row aeroelastic
formulations [39,40].

2. Problem Statement

This study first reviews the modal behavior of pre-twisted rectangular-section blades using
the Ritz method, and then investigates the modal characteristics of symmetric and asymmetric
airfoil-section blades under pre-twist. Carnegie’s blades [1-3,20], which include both
rectangular and airfoil cross-sections and feature pre-twist angles ranging from 0° to 90° in 15°
increments, serve as reference configurations, as shown in Fig. 1.
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Fig. 1. Carnegie’s pre-twisted blades used as reference configurations [1,41]

3. Blade Dynamics Modeling Approches as a Basis For Aeroelastic Analysis

Non-experimental structural dynamics analysis of blades and blade rows, as a basis for
turbomachinery aeroelasticity, typically employs three solution approaches—analytical,
approximate analytical, and numerical—alongside two modeling approaches: typical-section
modeling and continuous modeling [42]. While typical-section modeling continues to play an
important role in cascade aeroelasticity research [43] and in the development of novel concepts
[44], approximate analytical continuous modeling in blade-row aeroelasticity offers a viable
alternative that significantly improves accuracy while avoiding the high computational cost
associated with numerical simulations [40]. The typical-section methodology analyzes a
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representative blade cross-section (conventionally located at 75%—80% span for aerodynamic
criticality, as shown in Fig. 2) rather than solving the full-blade governing equations. By
deriving the vibration governing equation for this aerodynamically dominant section, blade-
row structural dynamics can be modeled at its most fundamental level (Fig. 3) as a two-
dimensional cascade.

Continuous modeling utilizes beam, shaft, and plate idealizations based on the targeted
model characteristics. Beam formulations capture both in-plane (chordwise or edgewise) and
out-of-plane (flapwise) bending behaviors, which are critical for blade analysis. The Euler—
Bernoulli beam theory—excluding rotational inertia and shear deformation—is adopted here,
as the difference with the Timoshenko model is very small (up to a maximum of 2.5% for the
blade used in this study, as stated in [3]). This model provides sufficient accuracy for slender
blades with slenderness ratios greater than 10. The aspect ratio (span-to-chord ratio) and
slenderness ratio (span-to-thickness ratio) are critical geometric parameters governing validity.
The shaft model captures torsional deformation. Specifically, the beam-shaft formulation
accounts for both in-plane and out-of-plane bending as well as torsional deformation. Plate
models, which describe plate-type vibration modes, are rarely employed in this context, due to
their complexity, particularly at next turbomachinery aeroelastic considerations. The Rayleigh—
Ritz method (an extension of the Rayleigh method) approximates continuous systems with
infinite degrees of freedom (DOFs) using a user-defined finite-DOF system. This approximate
analytical approach extracts natural frequencies and mode shapes equal in number to the
selected DOFs. Convergence to the exact solution improves as the number of DOFs increases.
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Fig. 3. Typical-section modeling of a blade row as a two-dimensional cascade [45]



4. Effects of Pre-Twist and Static Imbalances on Blade Modal Behaviour

Blade dynamics are Influenced by critical factors, including pre-twist and static imbalances.
Figs. 4 and 5 show the vibration modes of two baseline cantilever blades (without pre-twist or
static imbalances), which include flapwise bending, chordwise bending, torsion, longitudinal
and plate-type modes.

Fig. 4. Flapwise bending (1st row), chordwise bending (2nd row), torsional (3rd row), and
longitudinal (4th row) mode shapes of a continuous cantilever model



Fig. 5. Flapwise bending (1st row), torsional (2nd row), and plate-type (3rd row) mode
shapes of a continuous cantilever model

The static imbalance parameter quantifies the dimensionless offset between the elastic axis
(EA) and the center of gravity (CG), relative to the semi-chord (Fig. 6). This induces inertial
coupling between torsional vibrations and both flapwise and chordwise bending vibrations
through the off-diagonal terms of the mass matrix. Cross-sections symmetric about both axes
(e.g., rectangular sections or doubly symmetric airfoils) exhibit zero static imbalance, while
symmetric airfoils develop horizontal static imbalance, which introduces a coupled flapwise
bending—torsion mode. Cambered or asymmetric airfoils develop vertical or both vertical and
horizontal static imbalance, leading to coupled chordwise bending—torsion mode and coupled
flapwise bending—torsion mode [1,46]. A coupled bending—torsion mode shape for a NACA
4415 airfoil-section model (Fig. 7) is illustrated in Fig. 8.
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Fig. 6. Center of gravity (CG) and elastic axis (EA, or center of flexure, CF) for
asymmetric (a) and symmetric (b) airfoils [3]
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Fig. 8. Coupled bending—torsion mode shape for a NACA 4415 airfoil-section model

Pre-twist in gas turbine blades plays a crucial role. As linear rotational velocity increases
with radial position from root to tip, the local flow velocity and aerodynamic forces intensify.
Structurally, pre-twist optimizes spanwise aerodynamic load distribution to mitigate root torque
accumulation, thereby preventing structural failure. Aerodynamically, it adjusts the angle of
attack distribution along the span. This enhances aerodynamic efficiency while delaying blade
stall and flow separation.

In structural dynamics, pre-twist induces stiffness coupling between the chordwise and
flapwise bending directions via off-diagonal stiffness matrix terms. Concurrently, increased
pre-twist angles enhance torsional stiffness, raising the torsional frequencies [1,46]. Fig. 9
illustrates a representative coupled flapwise—chordwise bending mode in Carnegie’s 30° pre-
twisted rectangular cantilever blade. Example of pre-twist in aeroengine blades are shown in
Fig. 10.
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Fig. 9. Coupled flapwise—chordwise bending mode shape of Carnegie’s 30° pre-twisted
rectangular cantilever blade

Fig. 10. Pre-twist of the Rolls-Royce UltraFan blade [47]

5. Mathematical Modelling Development

For a classical beam of length /, density p, and cross-sectional area 4, the kinetic energy T
and strain energy m in the flapwise bending mode are given by Egs. (1) and (2), respectively.

1 l

Tz—f pAy?dz (1)
2 )y
1t 2

n=—jEIy" dz (2)
2 ),

For a shaft model with shear modulus G, torsional constant J, and torsional rigidity C, the
kinetic energy and strain energy due to torsion are given by Egs. (3) and (4).
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1t .
Tzzj;)pjezdz (3)

10t
T[=—fG]9‘ dz (4)
2 ),

The term pJ represents the mass moment of inertia about the center of gravity (I, 4). When

the elastic axis coincides with the centroid (i.e., in the absence of static imbalance), pJ equals
the mass moment of inertia about the elastic axis (I ) [1]. Let n denote the number of modes,

t the time, z the spanwise coordinate, x the chordwise bending displacement, Tj , the

generalized coordinate for chordwise bending, i the mode number, and X® the i-th chordwise
bending mode shape. Using these definitions, Eq. (5) can be expressed.

n

x = z Ty, XD (5)

i=1
Similarly, flapwise bending deflection y and torsional deformation 6 are introduced. The
generalized coordinate vector ﬂnmis expressed by Eq. (6).

(Tb'ynxl\
T3px1 = Tb'xnxl (6)

T
Onx1 7 3px1

Let j denote an additional mode index, ¢xj the j-th chordwise bending trial function, and
clgf,)cj the Ritz constant (or j-th eigenvector component) corresponding to the i-th mode. With
these definitions, Eq. (7) expresses thei-th chordwise bending mode shape, X(¥. The
corresponding mode shape vector is given by Eq. (8).

n
S )
X0 =" el ¢ 7)
=1
1 1

¥ Con Bry + -+ Cpy by
=7 : L= : (8)

X®) e g 4t el

Trial functions are categorized into admissible and comparison trial functions. Admissible
trial functions, typically simple functions, satisfy only the geometric boundary conditions (e.g.,
displacement and slope), and therefore require more terms for accurate results. Comparison
trial functions satisfy both the geometric and natural (or physical) boundary conditions (e.g.,
shear force and bending moment), offering greater accuracy with fewer terms. The resulting
mode shapes match the number of DOFs and are represented by a modal vector. Square
stiffness and mass matrices, with dimensions matching the DOF count, are then assembled.
Importantly, the concepts of eigenvectors and mode shapes in the Ritz method differ
fundamentally from those in the assumed-modes method [42].

Based on the energy term discretization, the mass and stiffness matrix elements are obtained
from Egs. (9) and (10). Introducing the eigenvalue A leads to the eigenvalue problem
formulated in Eq. (11), and subsequently to the system equation given in Eq. (12) [42].
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my = | oAb b, dz ©)

l

> ky,, = fo Elg}, B5,d2 (10)
> ([k] = A[m])é =0 (11)
> |[k] - w?[m]| =0 (12)

For cantilever beam bending, the geometric boundary conditions enforce zero deflection and
zero slope at the fixed root (Eq. (11)). At the free tip, the natural boundary conditions
require zero bending moment M and zero shear force V (Eq. (12)), as these quantities for a
continuous beam are expressed by Egs. (15) and (16).

xy(z=0t)=0,x,y'(z=0,t) =0 (13)
Viz=1Lt)=0-x® y®GEZ=1t)=0

g (14
M(z=Lt)=0-x",y"(z=1t)=0

M(z,t) = EIy"(z,t) (15)

V(z,t) = Ely®(zt) (16)

For cantilever beams, admissible trial functions, such as Eq. (17), or comparison trial
functions, like the beam's bending mode shape [42], may be employed.
7 i+1

= = [ = ] 7
¢ (l) i=12,..,n (17)

For a cantilever shaft under torsion, the geometric boundary condition enforces zero
rotation @ at the fixed root (Eq. (18)), while the natural boundary condition requires zero
torsional moment M, at the free tip (Eq. (19)). The torsional moment in the shaft is given by

Eq. (20).

6(z=0,t)=0 (18)
M, (z=1Lt)=0-08'(z=1t)=0 (19)
M, (z,t) = G]0'(z,t) (20)

For cantilever shafts, the admissible trial function can be expressed by Eq. (21) or the
comparison trial function, such as the shaft's torsion mode shape (Eq. (22)), may be employed.
i

¢ = (%) i=12,..n 21)

sin(2i — 1) nz
¢ = ( 5] ) ,(i=1,2,..,n (22)

The area moments of inertia about the x-axis (I) and y-axis (1) are defined by Egs. (23) and
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(24), respectively. The governing equation for flapwise and chordwise bending, as well as
torsional vibrations of a cantilevered beam—shaft model, is given by Eq. (25), with the global
mass and stiffness matrices specified in Egs. (26) and (27). The corresponding submatrices are
expressed in Egs. (28)—(33).

L = f y?dA (23)
Iy = f x*dA (24)
[M]3nx3nGanxt + [KlanxanGanxt = Fsnx1 (25)
[my] [0] [0]
[M]={[0] [m,] [O] (26)
| [0]  [0] [mg]
-[ky] [0] [O]
[K1={[0] [ky] [0] (27)
| [0] [0] [kel
n n l
[my] =z Z fo pAd, ¢, dz  (28)
i=1 j=1
S e [ (29)
=" fo pAds, bx, dz
i=1 j=1
n o n 30)
[me] = Z Z.I; lesdo, do;dz
i=1 j=1
n o n 1 31)
[k, ] :Z z LEIx(l)i}i ¢y, dz
i=1 j=1
n o n I (32)
=y > | Ely0x %, dz
i=1 j=1 "0
L (33)

The horizontal and vertical dimensionless offsets between the center of gravity (CG) and

the elastic axis (EA) are defined in Egs. (34) and (35), respectively.

12
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The mass moment of inertia about the center of gravity, I, defined in Eq. (36), is used in
the kinetic energy expression in Eq. (37) for cross-sections with static imbalance [1].

Ieg. =1, =pl, = p(lx + Iy) (36)

1 rt ) . .
T = EJ [PAGE +1,6)% + pA + 1,6)% + 1. 6] dz (37)
0

the mass moment of inertia about the elastic axis (shear center or center of flexure), .,
defined in Eq. (38), is used in the derived kinetic energy expression in Eq. (39) [1].

Ic.f. = Ic.g. + pA(T'yZ + er) (38)
1t . . . . .
ST = Efo [pA[#? + 1,202 + 241,,0 + y? + 1,202 + 291, 0] + 1. 5 6%]dz
1t . :
ST=3 f [pAG? +32) + 62 (Ieg. + pAr,® + pAr,?) + 2pAB (k73 + ymy.) | dz
0

1 : :
-T= Ef [pAGE? +32) + 621, 5. + 2pA0 (i1, + yrs,)|dz (39
0

For asymmetric airfoil cross-sections, the kinetic energy discretization under simple
harmonic oscillation assumptions (Eq.(40)) yields the modified global mass matrix formulation
in Eq. (41), with the corresponding submatrices defined in Egs. (42)—(45).

x =X cos(wt),y =Y cos(wt),0 = 0O cos(wt) (40)

[my] [0] [mye]
- [M] = [0] [my] [myl] (41)
[mGy] [mex] [me]

L 42
[mye] = .I(-) pAd)yl- ¢9j Ty dz 2

L 43
[mye] = JOpAqui(ijry dz )

l 44
[mGy] = jo ,DA(]59i ¢yj T dz 9

L 45
[mocd = | pAGay ey 1y d )
0

Modal analysis of pre-twisted blades requires both a global root-fixed coordinate system and
local section-aligned coordinate systems along the span (Fig. 11). Sectional moments of inertia
are evaluated separately about the centroid and the shear center (Fig. 12), each within its
respective coordinate system [1]. Based on the definitions of the moments of inertia and the
local and global coordinate systems, Egs. ((46)—(51)) hold [41].
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Fig. 11. Global and local coordinate systems about the centroid and shear center for the
rectangular (left) and airfoil (right) cross-sections [1]
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Fig. 12. CG and EA locations and static imbalances in the global and local coordinate
systems [1]

Lo = Iyy sin? a + Iyy cos? a + Iyy sin 2a (46)
Ixy=0 2 2
— [, = lyy sin® a + Ixyx cos“ a (47)
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Iyy = 01, = Iyy cos® a + Ixy sin® a (48)

Iyy — 1
Iyy =01y, = (YY—XX)sin 2a (49)
T, = rycosa — rySina (50)
r, = rysina + rycosa (51)

The strain energy for a pretwisted beam is defined in Eq. (52) [1]. Discretization, by
governing the maximum strain energy (Eq.(53)), yields the global stiffness matrix of the
pretwisted beam—shaft model in Eq. (54), with the corresponding submatrices given in Egs.
(55) and (56).

1 1
n= EEIyyx"Z + ELyx7y” + EEIxxY"Z (52)
! kyy  Kyx (53)
_)nmaxzzz ZCL-C]- k K
Lo Wi Xl onon
[kyy]  [kyx] 10]
[0]  [0] [ke]
l
[kyx] A J Elxy‘»bf/i d);] dz (55)
0
(56)

!
k] = f ElLey bz, by, dz
0

Analytical relations describe the functional dependence of torsional stiffness on the pre-twist
angle. In this study, analytical formulas are applied to rectangular sections, while experimental
results are used for airfoil sections. Letting b and d denote the width and thickness, respectively,
Eq. (57) quantifies the effect of the pre-twist angle a on the torsional rigidity of rectangular
cross-sections [1,46].

- E] e

6. Results and Discussion

The modal analysis of Carnegie’s pre-twisted blades with various pre-twist angles was
conducted using the Ritz method for both the rectangular and airfoil cross-sections. The airfoil
cross-sections were examined in four configurations: without static imbalance, with horizontal
static imbalance, with vertical static imbalance, and with combined horizontal and vertical
static imbalances. The torsional rigidity of the rectangular cross-section blades was determined
analytically, while that of the airfoil cross-sections was obtained by fitting a sixth-degree
polynomial to experimental data to achieve full accuracy (Fig. 13).

Validation for the rectangular cross-section case (Table 1) was performed using the finite
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element method with the commercial software MSC Nastran as the computational solver and
Patran for pre-processing (Fig. 14). A mesh sensitivity analysis was conducted to achieve
convergence (Table 2). Regarding boundary conditions, the blade root was fully constrained in
all six degrees of freedom to simulate a fixed-hub condition. For the modal analysis, the
Lanczos method (SOL 103) was employed to extract the natural frequencies and mode shapes.
The four airfoil-section cases (Table 3) were validated using results from the advanced finite
difference method of Subrahmanyam (Figs. 16—18), whose combined horizontal—vertical static
imbalance configuration FDM results was further verified against experimental data (Fig. 19).

Table 1. Carnegie’ rectangular cross-section blade parameters and corresponding values [1]

Parameter Width Thickness Span Young’s modulus Density
(in) (in) (in) (Mpsi) (2 )
in3
Value 1 0.068 6 30 0.284
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Fig. 13. Torsional rigidity versus pre-twist angle: polynomial fit of experimental data for the
airfoil cross-section (left) , and theoretical computation for the rectangular cross-section

(right) [1]

Fig. 13 shows that increasing the pre-twist angle increases the blade’s torsional rigidity,
leading to higher torsional natural frequencies. The slight difference between the present
torsional stiffness values for the rectangular cross-section and Carnegie’s results arises from
the unreported shear modulus in Carnegie’s study. In this work, the shear modulus is derived
from Poisson’s ratio, with a value of 0.3. Table 2 illustrates the convergence of the numerical
solution with mesh refinement. Fig. 15 demonstrates that increasing the pre-twist angle in the
rectangular cross-section blade raises the torsional frequency, while the coupled flapwise—
chordwise bending modes exhibit unpredictable behavior. Their frequencies either decrease,
increase, or fluctuate, indicating that prediction without analysis is not feasible. In the case of
zero static imbalance, torsional modes remain uncoupled, and only the bending modes are
coupled due to pre-twist.
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Fig. 14. FE models of Carnegie’s rectangular cross-section pre-twisted blades

Table 2. Mesh refinement study (highlighted frequencies indicate torsional modes)

Natural freq.(Hz)

nltj/ln(:(;:r Global edge length

024 | 012 | 006 | 003
1 11705 8433  3.1696  3.1688
2 49.123 45969 19.837 19.832
3 71502 52794 36.845  36.803
4 19822 99704 45256 45251
5 23183 14676 55573 55558
6 27438 257.85 109.04 109
7 387.31 28599 11208 111.95
8 430.74 30248 180.44  180.38
9 639.94 42993 1918 19157
10 672.84 468.03 25412  254.1
11 693.50 51274 269.68  269.56
12 951.92 63421 2786 27825
13 11385 689.67 37463 374.16
14 11442 73736 37651  376.32
15 12883 95048 429.16  429.14

Table 3. Carnegie’s airfoil cross-section blade parameters and the corresponding values [1]

Parameter value
Imperial units Metric units
Second moment of area about XX axis (IXX) 0.000084 in* 34.9633mm*
Second moment of area about YY axis (IYY) 0.00671 in* 2792.9mm*
Span 6 in 0.1524 m
Young’s modulus 31 Mpsi 213.73747 Gpa
density 0.284 = 7861.093 &
Cross-sectional area 0.0914 in? 58.9676 mm?
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Fig. 17. Coupled flapwise bending—chordwise bending—torsion natural frequencies of Carnegie’s airfoil cross-section pre-twisted blades with
horizontal (left) and vertical (right) static imbalances, obtained using the advance FD [2] and Ritz methods
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Fig. 18. Coupled flapwise bending—chordwise bending—torsion natural frequencies of
Carnegie’s airfoil cross-section pre-twisted blades with both horizontal and vertical static
imbalances, obtained using the advande FD [2] and Ritz methods

Fig. 16 shows that the modal behavior of the doubly symmetric airfoil-section specimen
resembles that of the rectangular cross-section blade, aside from the different rate of torsional
stiffness increase with pre-twist angle (Fig. 13). The branches are labeled F, C, and T to indicate
that they are initially dominated by flapwise bending, chordwise bending, and torsion,
respectively. In contrast, Figs. 17-19 and table 4 show different behavior. For the airfoil-section
specimens with static imbalance, increasing the pre-twist angle alters the torsional contribution
in the coupled modes due to torsion—bending coupling. As the branches converge, the dominant
mode gradually shifts; a branch that is initially torsion-dominated transitions to bending
dominance as the branches approach, and is then tracked along the decreasing-frequency
branch.
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Table 4. A comparison of the Ritz and the Advance FDM [2] natural frequencies in the case
4, the asymmetric airfoil cross-section pre-twisted blade

Natural frequencies
r_x=0.193mm, r_y=1.1938mm

Modes
pre-twist angle
Method
0 30 45 60 89
Ritz 96.7385  97.0441 97.4227 97.9483 99.3631
F1 FDM 96.737 97.557 98.413 99.313 100.246
Error % 0.002 -0.526 -1.006 -1.374 -0.881
Ritz 606.235 516.98 459.174 408.674 333.025
F2 FDM 606.141 513.162 453.978 403.259 330.896
Error % 0.016 0.744 1.145 1.343 0.643
Ritz 842904  968.378 1040.81 1083.76 1165.26
S1 FDM 842.895  972.178 1043.971 1085.937 1170.91
Error % 0.001 -0.391 -0.303 -0.200 -0.483
Ritz 1076.71 1106.65 1166.54 1249.56 1275.69
T1 FDM 1076.709 1108.465 1174.357  1267.441  1292.688

Error %  0.0001 -0.1637 -0.6656 -1.4108 -1.3149
Ritz 1697.43 1654.87 1616.03 1593.74 1727.11
F3 FDM 1696.647 1647.424  1599.445 1562.017 1672.784
Error %  0.0461 0.4520 1.0369 2.0309 3.2476
Ritz 3094.95  3123.82 3150.75 3135.84 3043.41

T2 FDM 3094.922 3124353  3154.608 3145.672  3067.755
Error % 0.001 -0.017 -0.122 -0.313 -0.794

Ritz 3326.17  3296.07 3280.49 3314.84 3546.77

F4 FDM 3322.705 3294.018 3277.243  3308.751 3539.662
Error % 0.104 0.062 0.099 0.184 0.201

7. Conclusions

This study performed vibration analysis of pre-twisted rectangular and airfoil-section blades
using a Ritz-based continuous classical beam—shaft ROM. It was observed that the Ritz method
achieves accuracy and precision comparable to experimental, numerical, and finite difference
methods in considering pre-twist and horizontal or vertical static imbalance effects.The results
indicate that increasing the pre-twist angle raises the natural torsional frequencies and enhances
coupling between chordwise and flapwise bending modes. As a result, under static imbalance,
varying the pre-twist angle introduces bending—torsion coupling, leading to distinct frequency
changes across all branches and causing the initially torsion-dominated branch to either
increase or decrease in frequency rather than consistently rise. These non-intuitive behaviors
provide valuable insights for structural dynamic assessments and aeroelastic evaluations of
blade systems. The proposed framework provides a basis for ROM-based tools capable of
performing computationally efficient aeroelastic analyses of continuous blade models, blade
rows, and integrated gas turbines.
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Appendix A: Derivation of the Global Mass Matrix

In this section, the detailed steps for deriving the global mass matrix, as referenced in Section
5, are presented.

1 l
T = Ef {[pA(X2 w? sin*(wt) + Y? w? sin*(wt)) + 0% w? sin®(wt) I 5
0

+ 2pA(—0 w sin(wt)) ((—Xw sin(wt))ry, + (-Yw sin(wt))rx)]} dz

1 l
= EJ {[pAw? sin*(wt) (X? +Y?) + 6% w? sin?(wt) I,
0

+ 2pA0 w? sin*(wt) (X 1,+Y7,)|}dz

1 l
= Togx = Ef {[pAw?(X? +Y2) + 0% 0l ;. + 2pA0 w*(X 1, +Y T, )| }dz
0
1 A
= Efo {[pAw?(X? +Y2) + 0% w?l.; + 2pAw?*(0 X1, +0 YT )]}dz
1 l
= T* oy = EJO {[pAX? +Y2)+ 02 1.5 +2pA(0X1,4+0YT,)|}dz

1 l
= EJ {[pAX? +Y2)+ 0215 + pA(@X1,+0YT,) + pA(OX1,+0YT)|}dz
0

:_f pA ZX ZX +Z Zn:@i i@' L.

3

j=1 i=n i=2n j=2n
+ pA Z ZX ry+z 2 rx+z ZXry
i=2n i=2n j=2n i=1
+ Z 0, ZYi r ||V dz
j=2n i=n
1 1 n n 2n 2n
T max = EJ pA Z Cid)xi Z de)xj + Z Ci¢yi Z Cj¢yj
0 i=1 =1 i=n j=n
3n 3n
+ 2 CiPo; Z ¢jPo; ley.
i=2n j=2n
+ pA Z CiPo; chcpxj r, + Z CiPo; ZCquy Ty
i=2n i=2n
+ z C]¢91 chq’)xl r, + Z c]qbg] chq[)y Ty dz
j=2n j=2n
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Appendix B: Derivation of the Global Stiffness Matrix

In this section, the detailed steps for deriving the global Stiffness matrix, as referenced in
Section 5, are presented.

l

cos?(wt) [ 5 l ,
- fo ELy,Y" dz +2 fo El,,Y" X+ dz + fo El X" dz

1] (! l !
= Mmax = 5[ fo EL,Y~ dz +2 fo EL,Y" X" dz + fo ElxxX"zdzl

=1 j=n
n 1 2n 2n
ey Y oy, da+ jo Bl Y cubiy ) oy dz
i=n j=n

i=n j=1
n

l n 2n !
ZCYiCij ElLyy¢5, &3, dz+z ZCYiijf ElLy ¢y, ¢x;dz
i=1 j=1 0 i=1 j=n 0
2n n 2n
+Z Z xzcy]f EIxyq.’)xl ¢)y dz+2 zcx Cx; fEIqu.’)x gbx dz
i=n j=1

i=n j=n
n n n 2n 2n n 2n n
1
=3 Cy;Cy; Ky + Cy;CxRyxy; + Cx;Cy; Koy + Cx;Cy; Ky
i=1 j=1 i=1 j=n i=n j=1 i=n j=1
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  =  1 2   ∫ 0  l   {  [ 𝜌 A  (     X 2   +     Y 2   ) +     𝛩 2     I  c . f . + 𝜌 A  (   𝛩     X     r  y   +   𝛩   Y     r  x ) + 𝜌 A  (   𝛩     X     r  y   +   𝛩   Y     r  x ) ] } d z
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  𝜋 =   c o   s 2  ( 𝜔 t ) 2  [   ∫ 0  l    E   I  y y   Y      , , 2 d z + 2   ∫ 0  l  E   I  x y   Y          , ,     X          , ,   d z +   ∫ 0  l  E   I  x x   X          , , 2 d z ]
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  →     𝜋  m a x =  1 2  [   ∫ 0  l    E   I  y y   Y          , , 2 d z + 2   ∫ 0  l  E   I  x y   Y          , ,     X          , ,   d z +   ∫ 0  l  E   I  x x   X          , , 2 d z ]


  →   𝜋  m a x =  1 2  [   ∫ 0  l    E   I  y y   ∑  i = 1  n    Y    i      , ,     ∑  j = 1  n    Y    j      , ,   d z +   ∫ 0  l  E   I  x y   ∑  i = 1  n    Y    i      , ,     ∑  j = n  2 n    X    j      , ,   d z +   ∫ 0  l  E   I  x y   ∑  i = n  2 n    X    i      , ,     ∑  j = 1  n    Y    j      , ,   d z +   ∫ 0  l  E   I  x x   ∑  i = n  2 n    X    i      , ,     ∑  j = n  2 n    Y    j      , ,   d z ]  


  →   𝜋  m a x =  1 2  [   ∫ 0  l    E   I  y y   ∑  i = 1  n    Y    i      , ,     ∑  j = 1  n    Y    j      , ,   d z +   ∫ 0  l  E   I  x y   ∑  i = 1  n    Y    i      , ,     ∑  j = n  2 n    X    j      , ,   d z +   ∫ 0  l  E   I  x y   ∑  i = n  2 n    X    i      , ,     ∑  j = 1  n    Y    j      , ,   d z +   ∫ 0  l  E   I  x x   ∑  i = n  2 n    X    i      , ,     ∑  j = n  2 n    Y    j      , ,   d z ]  
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  =  1 2  [   ∫ 0  l    E   I  y y   ∑  i = 1  n    c    y  i   𝜙    y    i    , ,   ∑  j = 1  n    c    y  j   𝜙    y    j    , , d z +   ∫ 0  l  E   I  x y   ∑  i = 1  n    c    y  i   𝜙    y    i    , ,   ∑  j = n  2 n    c    x  j   𝜙    x    j    , , d z +   ∫ 0  l  E   I  x y   ∑  i = n  2 n    c    x  i   𝜙    x    i    , ,   ∑  j = 1  n    c    y  j   𝜙    y    j    , , d z +   ∫ 0  l  E   I  x x   ∑  i = n  2 n    c    x  i   𝜙    x    i    , ,   ∑  j = n  2 n    c    x  j   𝜙    x    j    , , d z ]


  =  1 2  [   ∑  i = 1  n     ∑  j = 1  n      c    y  i c    y  j   ∫ 0  l    E   I  y y   𝜙    y    i    , ,   𝜙    y    j    , , d z +   ∑  i = 1  n     ∑  j = n  2 n      c    y  i c    x  j   ∫ 0  l  E   I  x y   𝜙    y    i    , ,   𝜙    x    j    , , d z +   ∑  i = n  2 n     ∑  j = 1  n    c    x  i   c    y  j   ∫ 0  l  E   I  x y   𝜙    x    i    , ,   𝜙    y    j    , , d z +   ∑  i = n  2 n     ∑  j = n  2 n    c    x  i   c    x  j   ∫ 0  l  E   I  x x   𝜙    x    i    , ,   𝜙    x    j    , , d z ]


  =  1 2  [   ∑  i = 1  n     ∑  j = 1  n      c    y  i c    y  j   ∫ 0  l    E   I  y y   𝜙    y    i    , ,   𝜙    y    j    , , d z +   ∑  i = 1  n     ∑  j = n  2 n      c    y  i c    x  j   ∫ 0  l  E   I  x y   𝜙    y    i    , ,   𝜙    x    j    , , d z +   ∑  i = n  2 n     ∑  j = 1  n    c    x  i   c    y  j   ∫ 0  l  E   I  x y   𝜙    x    i    , ,   𝜙    y    j    , , d z +   ∑  i = n  2 n     ∑  j = n  2 n    c    x  i   c    x  j   ∫ 0  l  E   I  x x   𝜙    x    i    , ,   𝜙    x    j    , , d z ]


  =  1 2  [   ∑  i = 1  n     ∑  j = 1  n      c    y  i c    y  j   k    y  i j +   ∑  i = 1  n     ∑  j = n  2 n      c    y  i c    x  j   k    y x  i j +   ∑  i = n  2 n     ∑  j = 1  n    c    x  i   c    y  j   k    x y  i j +   ∑  i = n  2 n     ∑  j = 1  n    c    x  i   c    y  j   k    x x  i j ]


  =  1 2  [   ∑  i = 1  n     ∑  j = 1  n      c    y  i c    y  j   k    y  i j +   ∑  i = 1  n     ∑  j = n  2 n      c    y  i c    x  j   k    y x  i j +   ∑  i = n  2 n     ∑  j = 1  n    c    x  i   c    y  j   k    x y  i j +   ∑  i = n  2 n     ∑  j = 1  n    c    x  i   c    y  j   k    x x  i j ]

